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ABSTRACT

A novel shape prior segmentation model is proposed that
utilizes the cliques invariant signature along with a polygo-
nal piecewise constant implementation of the Mumford-Shah
Functional. The model will be shown to be useful in the
context of difficult segmentation problems including and not
limited to segmenting objects amidst clutter, or recognizing
objects that contain components with largely varying non-
uniform image intensities. In addition, the model will also
be shown to be effective for image disocclusion. Lastly, the
proposed model can accomplish all the aforementioned tasks
both efficiently and with near automation.

Index Terms— active contours, level set methods, disoc-
clusion, Chan-Vese model, invariant signature

1 Introduction
Shape prior segmentation is an elementary problem in image
processing that takes in a priori information about a known
shape to reduce ambiguity in image segmentation problems.
It merges many concepts from cognitive psychology, com-
puter science, engineering, and mathematics. In general, hu-
man cognition relies on prior experience to recognize objects;
particularly amidst clutter or with occlusion. Shape prior seg-
mentation attempts to tackle a similar problem where a par-
ticular shape signature is incorporated into existing segmen-
tation models to aid in capturing appropriate boundaries of
objects of interest.

From a mathematical perspective, standard (non shape
prior) image segmentation is an arduous problem since there
are many different possible segmentations occurring at differ-
ing scales. Let us consider the celebrated Mumford and Shah
(MS) [1] model in 2-phase form which is also known as the
Chan-Vese (CV) Model [2]:

EMS(Σ, c1, c2) =

Per(Σ) + λ

∫
Σ

(c1 − f)2d~x +

∫
Σc

(c2 − f)2d~x. (1)
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Here, f is a given gray scale image, Σ denotes a region, and
Σc the outside of that region. The key idea is to minimize
the above functional (1) by matching two regions (constants)
in the L2 sense while also minimizing the perimeter of the
boundaries between them. The MS model is one of the most
studied and successful segmentation models in image pro-
cessing. However, one particular caveat of this model, is that
the functional has many local minimizers that can depend on
initial starting conditions corresponding to incorrect segmen-
tations at differing scales. Nonetheless, there are many recent
convexifications of the MS/CV models, see [3, 4] and refer-
ences therein.

The key difficulties in building a successful shape prior
segmentation model are two-fold. Developing and/or utiliz-
ing a shape signature that is invariant under rigid motions
while also possessing the ability to uniquely identifying a
broad class of shapes is paramount. Many useful signatures
and references thereof can be found in [5, 6, 7]. Along with
invariance, the ability to incorporate such shape signatures
naturally and efficiently into existing segmentation models is
mandatory for applications.

The key component of the approach in this paper is to in-
corporate a modified two dimensional version of the cliques
signature proposed by Kimmel et al. [5, 6, 7] into a polygonal
implementation of the CV model. Moreover, an efficient and
nearly automated numerical algorithm for successfully seg-
menting images in the aforementioned difficult settings will
be shown. The simplified version of the cliques energy used is
conducive to the polygonal form of the CV model in that it is
fast, robust to noise, and easy to implement; all the while the
signature strongly identifies given shapes. Numerical exam-
ples will be shown to support these claims. The contributions
of this paper are summarized as:

• Incorporate the Cliques invariant signature into the CV
Model for shape prior segmentation.

• Introduce a polygonal implementation of the CV Model
that evolves only points on the polygonal curve.

• Introduce a fast, efficient, and nearly automated algo-
rithm to minimize the proposed energy in the context
of difficult segmentation and disocclusion problems.



The two closest related works are by Cremers et al. [8] and
Dŏgam et al. [9] where both show accurate segmentations
by incorporating shape priors into the MS model. The work
by Cremers differs from ours in that they solve a variant of
the CV model where the length term of a curve C: L(C)

is replaced by
∫ 1

0

(
∂C
∂s

)2
ds and they evolve a cubic spline

curve. In our approach, we evolve the polygonal curve di-
rectly and solve the CV model in its original form. In the
work by Dogan et al. the authors evolve a function ~X :
R2 → R2 such that ~X restricted to a curve Γ yields the
(x, y) coordinates of a point on the curve. They utilize a
multilevel finite element method operating on the entire grid
which is significantly more costly then the proposed method
which simply evolve points on a polygonal curve. Other re-
lated work concerning shape prior in deformable models us-
ing level sets can be found in [10, 11, 12], using moments
based descriptors [13], and using explicit descriptors of the
contour [14]. Related work on region-based active contour
models using polygonal and B-spline implementations can be
found in [15, 16, 17, 18]. Some related work on geometri-
cally invariant shape signatures involving Fourier descriptors
can be found in [19], Legendre moments [13], or generalized
cone representation [20].

The paper is organized as follows: in section 2 we in-
troduce the proposed model. Section 3 discusses the energy
minimization of the model along with a numerical implemen-
tation and final resulting algorithm. We demonstrate the suc-
cessfulness of our method via numerical experiments in sec-
tion 4. In section 5, we give conclusions and future work.

2 Proposed Model
2.1 Invariant Signature: Cliques Energy
Consider the polygonal representation of a given shape S:
S = {~ri}Ni=1 where, ~ri = (xri , y

r
i ). Let dij denote the inter-

vertex distances of a reference (i.e. library) shape that is:
dij = |~ri − ~rj | . (2)

Then, [dij ] is a symmetric matrix only depending on the given
reference shape. The idea of cliques was proposed by Elad
and Kimmel [7] where the authors developed a bending in-
variant representation which is an embedding of the geomet-
ric structure of a given surface in a small dimensional Eu-
clidean space where geodesic distances are approximated by
Euclidean ones. We consider the simplified version of the
intervertex distances of uniformly distributed points on the
boundary of a two dimensional shape. It is known that the
above signature (2) uniquely identifies convex shapes and is
useful in its unabridged form for surface classification [7] and
face recognition [5, 6]. In the context of segmentation, exper-
imentally, we have found that the signature strongly identifies
non-convex shapes.

Let us now consider an evolving polygon:
Σp = Σp(t) := {~p1(t), . . . , ~pN (t)} (3)

where ~pj(t) = (xj(t), yj(t)) denotes the vertices of the
polygon, arranged in counterclockwise order, with the same
number of vertices as the reference shape S. Our proposed
shape signature utilizing the intervertex distances of a refer-
ence shape is then given by:

inf
Σp, s

{
EC(Σp, s) =

N∑
i,j=1

(
|~pi − ~pj |2 − sd2

ij

)2
}
. (4)

The (symmetric) matrix [dij ] is computed only once at the
beginning of the segmentation process as it only depends on
the given reference shape. The parameter: ‘s’ is for scale
invariance, and is to be minimized over as well. The shape
signature (4) has the invariances: (a) invariance with respect
to rigid motions and (b) scale invariance. For the remainder
of the paper, we call (4) the ‘Cliques’ energy. We also remark
that one we can also average shape priors with respect to the
signature (4), see [21] for a related methodology.

2.2 Proposed Shape Prior Segmentation Model
We propose to utilize the cliques invariant signature (4) with
a polygonal implementation of the piecewise constant Mum-
ford Shah Functional. Let Σp be an evolving polygon defined
in (3) then, the model has the following formulation:
E(Σp, c1, c2, s) = EMS + EC =

Per(Σp) + λ

∫
Σin

p

(c1 − f)2d~x + λ

∫
Σout

p

(c2 − f)2d~x

+ α

N∑
i,j=1

(
|~pi − ~pj |2 − sd2

ij

)2

:= EMSWS . (5)

Here, Σinp and Σoutp represent the regions inside and outside
the polygonal curve Σp respectively. Moreover, c1 and c2
are constants depending on the average image intensities in-
side Σinp and Σoutp respectively and ‘s’ is a scale parameter
depending on the recovered segmentation feature. The pa-
rameter α dictates the strength of the shape term and lastly,
‘MSWS’ stands for Mumford Shah With Shape.

3 Energy Minimization and Numerics
3.1 Normal Speed of the Mumford-Shah Model

Although we will not use level sets for the numerical imple-
mentation of the proposed model (5), we will need the correct
normal speed for the evolving curve in gradient descent for
the final algorithm. Chan and Vese (CV)[2] proposed a level
set formulation of the Piecewise Constant MS Model:

ECV (φ, c1, c2) =

∫
Σ

|∇Hε(φ)|

+ λ

∫
Σ

Hε(φ)(c1 − f)2 + (1−Hε(φ))(c2 − f)2d~x. (6)

The regions Σ and Σc are now represented by a regularized
Heaviside function Hε of a level set function φ, where the
zero level set {φ = 0} represents the boundary of Σ. The



associated gradient descent flow to minimize (6) is given by:

φt = |∇φ|
{
∇ · ∇φ|∇φ| + λ

[
(c2 − f)2 − (c1 − f)2

]}
(7)

where we read off the correct normal speed of the curve in
gradient descent as the following:

v = κ + λ
[
(c2 − f)2 − (c1 − f)2

]
. (8)

Here, κ denotes the curvature of the evolving curve.

3.2 Polygonal Perimeter and Fidelity Terms
From (8), the contribution to the scalar normal speed of the
perimeter term is the Euclidean curvature κ. For an evolving
curve C(p) = C(p, t) depending on parameter p and time
variable t, C : [0, 1] × [0,∞) → R2, the gradient descent
flow for minimizing the perimeter term is:

Ct = κ ~N := ~v1 (9)
We refer the reader to [22] for a detailed derivation. Now,
the minimization of the proposed model (5) is to be carried
out over the set Σ and the two constants c1 and c2. In the
polygonal curve based implementation, we restrict ourselves
to the case where the set Σ is the interior of a polygon of N
sides Σp defined in (3). Let D+ and D− denote the forward
and backward discrete difference operators: D+ξj = ξj+1−
ξj and D−ξj = ξj − ξj−1 respectively. The contribution
of the fidelity term in the proposed model (5) to the normal
velocity of the polygonal curve is:

~v 2
j = λ

[
(c2 − f)2 − (c1 − f)2

]
~nj , (10)

where ~nj is the unit normal vector at the j-th vertex:

~nj =
1√

(D+xj)2 + (D+yj)2

(
−D+yj , D

+xj
)
. (11)

Finally, putting the contribution of the perimeter ~v 1 (9) term
and fidelity ~v 2 (10) term together, and multiplying by a
factor of

√
(D+xj)2 + (D+yj)2 (which improves stability

and still leads to a descent direction), we obtain the follow-
ing ODE system describing the time evolution of vertices
(xj(t), yj(t)) of the polygon:
d

dt
(xj(t), yj(t)) =(
D−

(
D+xj√

(D+xj)2+(D+yj)2

)
, D−

(
D+yj√

(D+xj)2+(D+yj)2

))
+ λ

[
(c2 − f)2 − (c1 − f)2

]
(−D+yj , D

+xj)

:= ~v perj + ~v fidj . (12)

Here, ~v perj and ~v fidj denote the velocities corresponding to
the perimeter and fidelity terms for the polygonal piecewise
constant implementation of the CV model respectively.

3.3 Update of the constants c1 and c2

In the original CV model, the constants c1 and c2 are un-
known and need to be solved for. The optimal choice of the
constants is well known:

c1 =

∫
Σ
fdxdy

|Σ|
and c2 =

∫
Σc fdxdy

|Σc|
(13)

where the notation |Σ| denotes the area of the set Σ. In our
setting, the boundary of the unknown set Σ is represented
explicitly as a polygonal curve Σp. In order to evaluate the
integrations over Σ involved in these formulas with subgrid
accuracy, we express the area integrals as path integrals:∫

Σ

f dxdy =

∫
∂Σ

F nxdσ where
∂F

∂x
= f. (14)

Here, nx denotes the x-component of the outer unit normal
to the boundary ∂Σ of the region Σ. The point is that there
is a natural way to approximate path integrals on polygonal
curves numerically. Our algorithm for computing the integral∫

Σ
f d~x is follows:

• Integrate f in the x-direction using the trapezoidal rule
to define its primitive F on the grid so that ∂f∂x = F .
• Approximate the area integral as follows:∫

Σ

f dxdy =

∫
∂Σ

F nxdσ (15)

≈
N∑
j=1

[F (xj ,yj)+F (xj+1,yj+1)]D+yj

2
√

(D+xj)2+(D+yj)2
.

The scheme involves interpolating F since (xj , yj) may not
lie on grid points. With proper interpolation, the method is
second order accurate and the primitive (i.e. F ) calculation
needs only to be done once and not repeated during the itera-
tions of gradient descent. Finally, |Σ| can also be found with
sub-grid accuracy by using the above formula with f ≡ 1.

3.4 Variation of the Shape Prior and Scale Pa-
rameter Optimization

Variation of the shape prior (4) with respect to the vertex lo-
cations ~pj of the evolving polygon is given by:

∂

∂~pk
α

N∑
i,j=1

(
|~pi − ~pj |2 − s d2

i,j

)2
=

8α

N∑
j=1

(
|~pk − ~pj |2 − s d2

kj

)
(~pk − ~pj) · ~pk. (16)

In gradient descent, the shape term contributes the velocity:

~v1
k = −α

N∑
j=1

(
|~pk − ~pj |2 − sd2

kj

)
(~pk − ~pj). (17)

In order to evolve the polygon in the normal direction to min-
imize the shape term, we project the velocity onto the unit
normal to obtain the normal speed. Thus, the final contribu-
tion of the velocity of the shape term is:

~v shapek = (~v1
k · ~nk)~nk. (18)

Optimization with respect to the scale parameter s yields:

s =

∑
i,j |~pi − ~pj |2d2

ij∑
i,j d

4
ij

. (19)

3.5 Final Proposed Algorithm
Finally, putting everything together, the complete gradient de-
scent curve evolution equation for the proposed model is the
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Fig. 1. Segmentation Results with Learned Reference Shape

ODE system:
~̇pk = ~v perk + ~v fidk + ~v shapek (20)

where the velocities were obtained from the variations in the
perimeter and fidelity terms (12), and shape term (18) in the
proposed model. The first and second terms move the curve in
a direction to minimize the perimeter and data fidelity terms,
while the last shape term moves the curve to best match the
reference shape. An explicit time marching scheme (iterated
until steady state) can be used for the gradient descent curve
evolution equation above (20) as follows:

~pn+1
k = ~pnk + dt

(
~v perk + ~v fidk + ~v shapek

)
. (21)

4 Numerical Experiments
In this first example, we segment what’s considered a difficult
case. In Fig. 1 (a), a reference image and shape prior (in blue)
are observed while in (b), a clean airplane image (to be seg-
mented) with initial contour (red) is seen. In (b), the color of
the fuselage matches the surrounding tarmac making this case
arduous due to the ambiguities of the region to be segmented.
Further compounding this case is the flight equipment around
the plane (clutter) which has similar contrast to the planes
wings. In addition, the white fuselage and wings of the adja-
cent plane matches the contrast of the wings of the plane to
be segmented. The result from the standard (no shape) CV
model is observed in Fig. 1 (c), where the plane is incorrectly
segmented while in Fig. 1 (d), the shape term is set to 1.0 and

(a) Reference Shape (b) Initial Contour

(c) Shape Param. = 0.0 (d) Shape Param. = 1.0

Fig. 2. Segmentation Results with Learned Reference Shape

the correct plane is accurately segmented despite the difficul-
ties. Lastly, we remark that the scale parameter ‘s’ in this ex-
periment was manually chosen over a range of scales. In this
next example we demonstrate how the proposed model can
be used for image disocclusion. If we let R ⊆ R2 denote the
region to be disoccluded, we simply make the small change
in the proposed model (5) by replacing λ by λ (1− χR) with
χR the indicator function of the region R. A book image is
observed in Fig. 2 (a) with the reference shape shown as a
blue contour. In Fig. 2 (b), the same book at a different scale
with an occlusion is seen along with the initial contour in red.
Here, the corner of the white book is occluded by the black
one. The result from the standard CV model (no shape) is
seen in 2 (c) where the corner of the book remains occluded.
In turn, we use this contour as an initial contour for our shape
prior model where, in Fig. 2 (c), we set the shape strength
to 1.0 and the book is successfully disoccluded. The scale
parameter is automatically found during the curve evolution
using the condition in (19).

5 Conclusions and Future Work
We proposed an efficient and nearly automated shape prior
segmentation model. Compelling numerical results illustrat-
ing the successfulness of the method in difficult settings were
presented. In addition, we adapted the model for disocclu-
sion. Future work involves finding a completely convex for-
mulation of the proposed model.
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[19] Stéphane Derrode, Mohamed Ali Charmi, and Faouzi
Ghorbel, “Fourier-based invariant shape prior for
snakes,” in Acoustics, Speech and Signal Processing,
2006. ICASSP 2006 Proceedings. 2006 IEEE Interna-
tional Conference on. IEEE, 2006, vol. 2, pp. II–II.

[20] Tammy Riklin-Raviv, Nahum Kiryati, and Nir Sochen,
“Prior-based segmentation and shape registration in the
presence of perspective distortion,” International Jour-
nal of Computer Vision, vol. 72, no. 3, pp. 309–328,
2007.

[21] Martin Rumpf and Benedikt Wirth, “A nonlinear elastic
shape averaging approach,” SIAM Journal on Imaging
Sciences, vol. 2, no. 3, pp. 800–833, 2009.

[22] Vicent Caselles, Ron Kimmel, and Guillermo Sapiro,
“Geodesic active contours,” Int. J. Comput. Vision, vol.
22, no. 1, pp. 61–79, Feb. 1997.




