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Abstract. It is known that the regularization parameter in total variation denoising problems
defines a scale space. More recently, however, such a parameter has been shown to have both a
causality and critical behavior. We utilize both of these features along with a technique and frame-
work called parameter marching to propose new multi-scale data dependent methods for (1) Image
Decomposition and (2) Contrast Preserving Image Denoising. The method is based on region merg-
ing driven by the minimization of the total variation energy under the assumption that minimizing
functions are constrained to be monotonicity preserving. The proposed algorithm in this framework
is efficient with a computational complexity on the order of N log(N) with N the number of image
pixels.
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1. Introduction. Image decomposition and denoising are two important image
processing tasks with a wide range of useful applications. Recently, multiscale de-
compositions have gained a particular level of interest with the advancements in scale
space methods. In the nonlinear setting, a recent trend has been the use of diffusion
equations like those seen in the work by Perona and Malik [17] and the various se-
quels, to generate scale spaces. Here, a given observed image f = u(0,x) is used as
an initial value to a nonlinear time dependent evolution equation. The subsequent
solutions u(t,x) then, become the resulting scale spaces for each time parameter t.

One of the nonlinear evolution equations that has drawn a lot of attention recently
arises from the Total Variation (TV) model proposed by Rudin, Osher and Fatemi [19].
This is a very useful model for its ability to preserve edge (discontinuity) information.
Precisely, given an observed signal u(0)(x) defined on an image domain Ω, the TV
model seeks for the solution to the following minimization problem

min
u∈BV (Ω)

1

2

∫
Ω

[
u(0)(x)− u(x)

]2
dx + λ

∫
Ω

|∇u(x)|dx(1.1)

where BV is the Banach space of all functions with bounded variation. The corre-
sponding Euler-Lagrange equation is given by,

u(0)(x)− u(x) + λ∇ ·
(
∇u(x)

|∇u(x)|

)
= 0.(1.2)

Associated to the above TV model (1.1) is the notion of scale which is introduced
in the work [21] by T.F. Chan and D. Strong where scale is defined as the area to
perimeter ratio of image features. The same authors go on to show the important
property that the regularization parameter λ in the above model (1.1) and equation
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(1.2) is proportional to the scale of image features. Consequently, a solution u(λ) to
the above equation (1.2) generates a scale space for each of the parameters λ.

Of course there are many ways to view scale spaces for a given image and to form
the subsequent decompositions from these scale spaces. Fourier, wavelet, linear, and
nonlinear filtering decompositions are some popular methods and some references to
these types of methods include [20] (add some references). However, the scope of this
paper is to address variational and PDE based image decomposition methods. We
now shift our focus to some key image decomposition methods which are related to
the proposed one.

We need briefly mention the linear wavelet approaches to image decomposition.
Here, images may be decomposed according to dyadic scales in a fast and efficient
manner. We reference the work by G. Strang [20] for an introduction to wavelet
decompositions and for references therein.

A recent TV based image decomposition model is introduced by Osher et al. in
[16]. This model arises from a variant of the TV model where a given image u(0)

can be decomposed as u(0) = u + v with u and v the cartoon and texture part of
the image respectively. When used in conjunction with the TV model, the above
decomposition becomes the Rudin-Osher-Fatemi (ROF) decomposition introduced in
the work [15] by Y. Meyer. In [16], u can either be a minimizer to the standard ROF
model or to a variant using the H−1 norm. This is an important result that allows
the decomposition of images into the separate components of texture and cartoon and
allows for the simultaneous processing of images according to these two components.

A multiscale TV decomposition is introduced in the work by E. Tadmor, S. Nezzar,
and L. Vese in [22]. In this work, the approach is to decompose an image with respect
to dyadic scales, 2jλ, defined by the regularization parameter λ seen in the TV model
(1.1). The initial choice of the parameter λ is based on a heuristic of the initial image
to capture the smallest oscillation. This is an interesting approach that allows for a
broad range of dyadic scales yielding fine or coarse decompositions.

Some important applications of the aforementioned image decompositions include
but are not limited to image compression(cite), image denoising [16], object recog-
nition, and feature extraction. In this paper, we propose the use of a monotonicity
preserving variant of the above TV model and the associated scale properties for data
dependent image decomposition and contrast preserving denoising. This variant was
first introduced by A. Yip and F. Park in [7] and is seen as follows:

min
u∈M(Ω)

1

2

∫
Ω

[
u(0)(x)− u(x)

]2
dx + λ

∫
Ω

|∇u(x)|dx(1.3)

M(Ω) = {u(λ) ∈ BV (Ω)| u(λ) is monotonicity preserving}.

Here, solutions u(λ) are said to be monotonicity preserving if they preserve their
gray level orderings for all λ. We further remark that solutions to the minimization
problem (1.1) are continuous with respect to the regularization parameter λ, see [1]
and [7]. A formal definition of monotonicity preserving follows:

Definition 1.1. If u(λ) = {ui,j(λ)}1≤i≤m,1≤j≤n are the solutions of the min-
imization problem (1.1) in the discrete setting with respect to the regularization pa-
rameter λ. We say that the solutions are monotonicity preserving if, for each i, j, p, q
such that |i− p|+ |j − q| = 1, we have

ui,j(λ0) ≥ up,q(λ0) for some λ0 ≥ 0 =⇒ ui,j(λ) ≥ up,q(λ) for all λ ≥ λ0.(1.4)
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In particular,

ui,j(λ0) = up,q(λ0) for some λ0 ≥ 0 =⇒ ui,j(λ) = uk,l(λ) for all λ ≥ λ0.

The above constraint allows for some useful properties for the task of image decom-
position. It is shown in the work [9] that the geometry of image features is preserved
in the sense that regions are not split apart nor altered in shape. Hence the remaining
features in each subsequent scale space will not have their geometry changed. More-
over, there is the notion of critical regularization parameters, λ, first introduced in
the work [7]. In this setting, each critical parameter occurs exactly when there is a
change in scale. Thus, solutions to the minimization problem (1.3) at these critical
parameters become the most relevant scale spaces. Furthermore, since the solutions
are only calculated at each critical parameter, the method becomes data dependent in
the sense that solutions are only calculated at the scales present in the given image.
In addition to the above properties, there is also a causality property where one can
directly utilize the information from the solution at the present critical parameter for
the computation of the solution at the next critical parameter. This property allows
the solutions to be efficiently computed in a hierarchical manner known as parameter
marching (PM). Thus, one can extract all of the scale information present in a given
image from fine to coarse scale. The causality property and PM method are both
introduced in the work [7].

We now point out some key differences between the proposed PM method and
the above mentioned methods in [22], [16], and [20]. In the multiscale decomposition
[22], although the initial choice of λ(0) is based on a heuristic of the given image, there
is the possibility that the subsequent parameters 2jλ(0) may not directly correspond
to a scale change of the image. E.g. image scales may not necessarily be dyadic.
Moreover, when solving the series of Euler-Lagrange equations in [22], the solution at
a previous parameter 2j−1 serves only as an initial guess to solving the Euler-Lagrange
equation at the next parameter, 2jλ. Thus, the information from previous solutions
is not directly used in the computation of later solutions. The difference between
the proposed method and the one in [16] is that in the latter, the emphasis is on
the decomposition of an image into the two components of texture and cartoon. The
scope of the proposed method is on the multiscale decomposition of images.

It is well known that the TV model (1.1) does not in general preserve contrast.
However, in addition to the above mentioned new multiscale image decomposition,
we are also proposing a new variant which is contrast preserving. This new variant,
called parameter marching L2 projection method (PMP), will be shown to be useful in
the applications of contrast preserving image decomposition and contrast preserving
image denoising. Thus, geometry and contrast can both be preserved.

In §2 we introduce the proposed monotonicity preserving TV model in the discrete
setting and the parameter marching method. The applications of the PM method
to image decomposition and feature extraction are introduced in §3. The contrast
preserving variant of the PM method, the L2 projection method, is introduced in §4
along with the applications to image decomposition and contrast preserving denoising.
Numerical Implementation of the two algorithms and some numerical results on both
real and synthetic images are presented in §5. Finally, we give the future works and
directions in §6.

2. The Discrete Monotonicity Preserving TV Model. In this section we
introduce the discrete monotonicity preserving total variation model that will be used
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for image decomposition and introduce the 2-d Parameter Marching (PM) method to
obtain solutions to this model.

Given the above definition (1.1), we introduce our proposed decomposition model
in the two dimensional discrete case as the monotonicity preserving TV model (MPTV):

min
u(λ)∈M(Ω)

1

2

m∑
i=1

n∑
j=1

(
ui,j − u(0)

i,j

)2

+ λ

m−1∑
i=1

n−1∑
j=1

(|ui+1,j − ui,j |+ |ui,j+1 − ui,j |)(2.1)

withM(Ω) = {u(λ) ∈ BV (Ω)| u(λ) is monotonicity preserving}.

Monotonicity simply states that solutions to the TV model at some λ(0) do not break
regions at some λ > λ(0). In the 1-d discrete setting, it is shown in [7], that solutions to
the TV model exhibit monotonicity preservation. In the 2-d case, this is in general, not
the case. However, if we add the additional assumption that solutions are constrained
to be monotonicity preserving, we may directly extend the framework set by the
authors in [7] to the 2-d case.

Before computing the solutions to the decomposition model (2.1), we first intro-
duce some important properties of the model needed in the computation.

2.1. Scale. In this paper, we will adopt the definition of scale by Chan and
Strong [21] for our model:

Definition 2.1. Let F be an image feature consisting of a region R (maximal
connected set) with intensity value β, then

scale =
|R|
|∂R|

,(2.2)

where |R| denotes the area (resp. volume in 3-d) and |∂R| denotes the perimeter (resp.
surface area in 3-d).
Thus, in this setting, scale is simply the area to perimeter ratio of the image features.
Hence, small scale features will have small area and/or large perimeter while large
scale features will have the opposite. Noise, construed as a small scale feature, has a
small area but proportionally large perimeter and is consistent with the definition.

2.2. Critical Regularization Parameters. The modified TV model has the
existence of critical regularization parameters λ first introduced in the work [7]. The
parameters are critical in the sense that solutions to the proposed model (2.1) have
a change in scale at each critical λ. Precisely, given a solution u(λ(k−1)) to the
minimization problem (2.1) for a parameter λ(k−1) < λ(k), the solution u(λ(k)) at the
next critical parameter λ(k) differs from u(λ(k−1)) by one scale.

A simple way to understand the aforementioned critical behavior is to consider the
following example observed in Fig. 5.1. Here, the initial data consists of a snowflake,
a cross, and a firecracker that is exhibited in Figure 5.1(a). In context of the above
definition of scale, each feature has a different scale corresponding to the area to
perimeter ratio. Thus, there are 3 critical parameters, λ(k), k = 1, 2, 3, each corre-
sponding to a scale change in the image. In Fig. 5.1(b), the first feature (snowflake)
merges with the background corresponding to the first critical parameter λ(1). From
the above definition of scale, this feature has a small area and large perimeter, thus,
the smallest scale and merges with the background before the other features. Subse-
quently, in Fig. 5.1(e) the cross merges with the background and corresponds to the
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next scale change associated to critical parameter λ(2). Finally, in Fig. 5.1(g), the
firecracker merges with the background to signify the final and largest scale change.

This critical behavior of the regularization parameter associated to the MPTV
model allows one to consider only the meaningful scale spaces where a scale change
occurs. Thus, our aim is to decompose an image with respect to the present image
scales defined by the data.

2.3. Causality. We must briefly mention that the causality property introduced
in [7] also carries over to the proposed image decomposition model. By causality, we
mean that in the MPTV model (2.1), there is a direct correlation between solutions
at subsequent critical parameters. Here, each solution at a given λ(k) depends di-
rectly on the solution at the previous critical parameter λ(k−1) and not on any other
solutions at parameters λ̃ < λ(k−1). This property will be later shown to be a useful
feature allowing for an efficient method of computing the solutions hierarchically from
small critical regularization parameters to large critical parameters λ called Parameter
Marching (PM).

3. Geometry Preserving Total Variation. The additional constraint that
minimizing functions of the proposed MPTV model be monotonicity preserving has
a very interesting consequence, namely, geometry preservation.

In [19], Rudin et al proposed the total variation (TV) model for image denoising.
In their model, given a noisy image u(0) and a regularization parameter λ ≥ 0, one
seeks for an image u such that the TV functional in (1.1) is minimized over the
space of all functions defined on the domain of u(0) having bounded variation. An
important feature of this model is that edges are preserved after the denoising process
while traditional techniques such as linear filtering and Tikohnov regularization with
L2 or H1 penalty would result in smeared edges.

Although the use of the TV regularization has shown to be useful in preserving
edges, there are some caveats arising from the minimization of the TV-norm. Figure
3 illustrates that, using the TV denoising model, important image features may dis-
appear or become very vague. Moreover, artifacts may also be introduced. In fact,
removal of a constant region induces a decrease in total variation roughly proportional
to its perimeter and an increase in the fitting term roughly proportional to its area.
This gives an intuition why the long thin feature, which has a high perimeter-to-area
ratio, in Figure 3(a) does not show up in Figure 3(b).

To tackle this problem, one might think of modifying the objective function in
such a way that the change of the objective function value due to removal of a constant
region is proportional to the area of the region rather than its perimeter-to-area ratio.
However, the same goal can be accomplished with a simpler approach based on the
observation that the aforementioned undesirable phenomenon of the TV model may
be attributed to its inability to preserve monotonicity in the 2-D case. In other words,
using a monotonicity preserving denoising method, a region having constant grey level
would not be broken down into pieces having different grey levels. In this paper, we
propose a denoising scheme derived from the TV model which inherits its ability to
preserve edges while the monotonicity preserving property is enforced.

Interestingly, the TV model does possess the monotonicity preserving property in
the 1-D case. Thus, it is natural to ask why the monotonicity preserving property in
the 1-D case is lost in higher dimensional cases and to ask whether such a discrepancy
can be repaired. These are the problems that we will address in this paper. In
fact, we may relate this phenomenon to numerical methods for solving hyperbolic
conservation laws. If we treat λ as the time variable, then any convergent numerical
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(a) (b)

Fig. 3.1. (a) Original image. (b) Solution to the TV model using λ = 300. We observe that
the long thin feature has disappeared and that artifacts in grey appear on the left of the black object.
This shows that the TV model cannot preserve features having constant grey levels and thus the
quality of solutions is deteriorated.

method for solving them must be total variation diminishing (TVD) since the TV-
norm of the minimizer is a non-increasing function in λ, regardless of the dimension
of the problem. On the other hand, it is well-known that in the 1-D case, any TVD
scheme is monotonicity preserving [13, p.166] which is generally not true in higher
dimensional cases. This is exactly what happens to the TV model.

We remark that in [7], Yip and Park proposed a parameter marching scheme
which exploits the monotonicity preserving property and causality of λ for solving
TV denoising problems in the 1-D case. Our paper generalizes the techniques in
[7] to the 2-D case for the use in geometry preserving denoising and decomposition
problems.

Fig. 3.2. Denoised image using our proposed model with λ = 300.

4. The 2-d Parameter Marching Method. In this section, we introduce the
the parameter marching method for solving the minimization problem (2.1). More-
over, we also give an explicit NLog(N) algorithm.
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(a) (b)

Fig. 3.3. Observed Images: (a) Clean image. (b) Noisy image with additive Gaussian noise,
SNR=5.

(a) (b) (c)

(d) (e) (f)

Fig. 3.4. Denoised Images: (a) TV Model. (b) PM method. (c) PMP method. (d)–(f) noise
components v = f − u + 120, for the TV model, PM, and PMP methods respectively. Here, u is
the recovered image obtained from each method. We observe in (a), for the TV model, a geometry
(e.g. corners are missing) and contrast loss. In (b), we observe the MPTV model can preserve
the geometry of the image (e.g. corners are kept), however, a contrast loss is also observed. In
(c), the PMP method preserves both contrast and geometry of the image and the restored image
appears exactly as the original clean image. In the noise components (d)–(e), some contrast from
the restored image is observed in the noise. In (f), there are no discernable image features, only
noise.

4.1. Parameter Marching Framework. Before proceeding to the PM method,

we first fix some notation. For each (i, j), let R
(k)
i,j be the maximal connected neigh-

borhood of (i, j) at which u(k) takes the same value. We note that this domain may

have arbitrary shape. Let us define a
(k)
i,j to be the average value of u(0) on the region
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R
(k)
i,j :

a
(k)
i,j :=

∑
(p,q)∈R(k)

i,j
u

(0)
p,q

|R(k)
i,j |

.(4.1)

We also define the indicator variables δp+ 1
2 ,q

(u(k)) and δp,q+ 1
2
(u(k)) as:

δp+ 1
2 ,q

(u(k)) =

{
1 if up+1,q ≥ up,q
−1 if up+1,q < up,q

for p = 1, . . . , n− 1,
q = 1, . . . ,m− 1

(4.2)

and

δp,q+ 1
2
(u(k)) =

{
1 if up,q+1 ≥ up,q
−1 if up,q+1 < up,q

for p = 1, . . . , n− 1,
q = 1, . . . ,m− 1.

(4.3)

Furthermore, we define α
(k)
i,j as

α
(k)
i,j :=(4.4)

1

|R(k)
i,j |

∑
(p,q)∈R(k)

i,j

[
δp+ 1

2 ,q
(u(k))− δp− 1

2 ,q
(u(k)) + δp,q+ 1

2
(u(k))− δp,q− 1

2
(u(k))

]

=
1

|R(k)
i,j |

 ∑
(p,q)∈∂TR(k)

i,j

δp,q+ 1
2
(u(k)) +

∑
(p,q)∈∂RR(k)

i,j

δp+ 1
2 ,q

(u(k))

−
∑

(p,q)∈∂BR(k)
i,j

δp,q− 1
2
(u(k))−

∑
(p,q)∈∂LR(k)

i,j

δp− 1
2 ,q

(u(k))

 .
Here, ∂zR

(k)
i,j for z ∈ {T,R,B,L} denote the top, right, bottom, and left boundaries

of R
(k)
i,j respectively.
The next Lemma states that the minimization of the MPTV model (2.1) is equiv-

alent to solving a quadratic programming problem when prior information on the
neighboring points δi+ 1

2 ,j
(λ) = sgn[ui+1,j(λ)−ui,j(λ)] and δi,j+ 1

2
(λ) = sgn[ui,j+1(λ)−

ui,j(λ)] are known for all i, j.
Lemma 4.1. Suppose the sign of the difference between the values of each pair

of neighboring points of the solution u(λ) to (2.1) is know, then the minimization
problem (2.1) is equivalent to

min
u∈Rm×n

1

2

m∑
i=1

n∑
j=1

(
ui,j − u(0)

i,j

)2

+ λ

m−1∑
i=1

n−1∑
j=1

δi+ 1
2 ,j

(u(λ))(ui+1,j − ui,j)(4.5)

+λ

m−1∑
i=1

n−1∑
j=1

δi,j+ 1
2
(u(λ))(ui,j+1 − ui,j)

subject to δi+ 1
2 ,j

(u(λ))(ui+1,j − ui,j) ≥ 0 if sgn[ui+1,j(λ)− ui,j(λ)] 6= 0

ui+1,j − ui,j = 0 if sgn[ui+1,j(λ)− ui,j(λ)] = 0

δi,j+ 1
2
(u(λ))(ui,j+1 − ui,j) ≥ 0 if sgn[ui,j+1(λ)− ui,j(λ)] 6= 0

ui,j+1 − ui,j = 0 if sgn[ui,j+1(λ)− ui,j(λ)] = 0.
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Proof. The four linear constraints simply require the solution to satisfy the con-
straints sgn[ui+1,j(λ) − ui,j(λ)] = δi,j+ 1

2
(λ) and sgn[ui,j+1(λ) − ui,j(λ)] = δi,j+ 1

2
(λ)

The next result yields an explicit solution to the above quadratic programming
problem (4.5).

Lemma 4.2. For each λ ≥ 0, the unique solution to the quadratic programming
problem (4.5), given the values of δi+ 1

2 ,j
(λ) and δi,j+ 1

2
(λ), has the explicit form:

ui,j(λ) = a
(k)
i,j + λα

(k)
i,j = u

(k)
i,j + (λ− λ̂(k))α

(k)
i,j ∀ i, j.(4.6)

Proof. The result is a straightforward computation similar to the one exhibited
in [7] and follows in exactly the same manner.

The monotonicity constraint defined in (1.4) ensures that the δi,j ’s are invariant
for small increases of λ and we state this result in the following Lemma.

Lemma 4.3. Given a solution u(λ0), λ0 < ∞, ∃ an ε > 0 such that the sign of
the differences between the values of neighboring points of the minimizer u(λ) of (2.1)
is the same as that of u(λ0) for all λ ∈ [λ0, λ0 + ε), precisely,

δi+ 1
2 ,j

(λ) = δi+ 1
2 ,j

(λ0) and δi,j+ 1
2
(λ) = δi,j+ 1

2
(λ0)(4.7)

∀ λ ∈ [λ0, λ0 + ε) and ∀ i, j.

Proof. Case 1: δi+ 1
2 ,j
6= 0 and δi,j+ 1

2
6= 0. This follows directly from the fact that

solutions u(λ) of the TV model are continuous in the regularization parameter, cf.
[7, 23].
Case 2: δi+ 1

2 ,j
= 0 or δi,j+ 1

2
= 0. This follows directly from the definition of mono-

tonicity preservation.

The above Lemma (4.3) simply states that if the signs of the values of the
difference of neighboring points, e.g. δi+ 1

2 ,j
(λ0) and δi,j+ 1

2
(λ0) are known, then

δi+ 1
2 ,j

(λ0 + ε) and δi,j+ 1
2
(λ0 + ε) are also known for ε small enough. Thus, the shape

of the solution does not change in the small interval [λ0, λ0 + ε). We now make the
following remark about obtaining solutions for λ ∈ [λ0, λ0 + ε) given the solution at
λ0.

Theorem 4.4. If u(λ) is the solution to the discrete MPTV model at λ0 with
explicit solution formula given by:

ui,j(λ0) = ai,j(λ0) + λ0αi,j(λ0)

and let ε > 0 be such that Lemma 4.3 holds, then the solution for any λ ∈ [λ0, λ0 + ε)
has the following exact formulation:

ui,j(λ) = ai,j(λ0) + λαi,j(λ0) = ui,j(λ0) + (λ− λ0)αi,j(λ0).(4.8)

We now wish to find the update for each critical regularization parameter. In
short, given the solution u(λ(k)) at a critical parameter λ(k), we wish to find the
maximal value εM of ε such that the solution u(λ(k)) at λ(k) + εM has a scale change
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when compared to u(λ(k)). In 1-d it is shown in [7] that such a parameter is found
by computing:

min J(u(k)) = min

{
u

(k)
i+1 − u

(k)
i

α
(k)
i − α

(k)
i+1

+ λ̂(k) | α(k)
i 6= α

(k)
i+1, u

(k)
i+1 6= u

(k)
i

}
.(4.9)

In 2-d, if we define I(u(k)) as

I(u(k)) := Ih(u(k)) ∪ Iv(u(k))(4.10)

with

Ih(u(k)) :=

{
u

(k)
i+1,j − u

(k)
i,j

α
(k)
i,j − α

(k)
i+1,j

+ λ̂(k) | α(k)
i,j 6= α

(k)
i+1,j , u

(k)
i+1,j 6= u

(k)
i,j

}
(4.11)

and

Iv(u(k)) :=

{
u

(k)
i,j+1 − u

(k)
i,j

α
(k)
i,j − α

(k)
i,j+1

+ λ̂(k) | α(k)
i,j 6= α

(k)
i,j+1, u

(k)
i,j+1 6= u

(k)
i,j

}
.(4.12)

Then, the next critical parameter can be found by computing: λ(k+1) = min I(u(k)).
Moreover, as in the 1-d case, I(u(k)) 6= φ if and only if u(λ(k)) is nonconstant and if
I(u(k)) 6= φ, we set min I(u(k)) = +∞.

Now, suppose λ(k+1) obtained above from (4.9) is finite, then the solution to the
MPTV model for λ = λ(k+1) can be given by:

ui,j(λ
(k+1)) = ai,j(λ

(k)) + λ(k+1)αi,j(λ
(k)).(4.13)

This result is the incremental update for a solution u(λ(k+1)) at λ(k+1) given the
solution at λ(k), u(λ(k)) and follows directly by taking limits in the equation (4.8).

Thus, by utilizing the above incremental update given in equation (4.13), for a

given λ ≥ 0, we can construct a sequence of solutions {u(k)}Kk=0 with λ̂(K) = λ for
some 0 ≤ K ≤ n− 1. This technique (i.e. computing the final solution by iteratively
increasing λ) was first introduced in [7] and is called parameter marching.

4.2. Properties of the PM Method. One useful property of this method
that we wish to exploit is causality. This idea is first introduced in the work [7]
where the parameter λ resembles the role of the time variable in memoryless time-
dependent problems (i.e. causality) in the sense that given the solution u(λ0) at some
λ0, the solution at λ > λ0 depends only on the solution at λ0 but not on solutions
at parameters less than λ0. Thus, to obtain the solution at λ > λ0, we may solve
(2.1) with the observed signal u(0) replaced by u(λ0) and λ replaced by λ− λ0. This
property will be shown later to be a useful computational tool. An exact statement
is formulated in the following proposition:

Proposition 4.5. (Causality) Given the solution u(k) of (2.1) at λ̂(k) and given

λ̂(k+1) calculated by (4.9). The solution u(λ) of (2.1) for any λ ∈ [λ̂(k), λ̂(k+1)] can
be obtained by solving

min
u(λ)∈M

1

2

m∑
i=1

n∑
j=1

(
ui,j − u(k)

i,j

)2

+ µ

m−1∑
i=1

n−1∑
j=1

(|ui+1,j − ui,j |+ |ui,j+1 − ui,j |)(4.14)
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where µ := λ− λ̂(k).
We will show that each regularization parameter is related to the earlier defined

scale. Thus, the solutions at each critical parameter λ become data dependent scale
spaces. In a sense, the solutions at each critical parameter are the only meaningful
scale spaces since each solution differs by one scale.

We would also like to take the time to remark that in [21], the authors not only
make the definition of scale in the context of the TV model but further show that for
radially symmetric functions the regularization parameter λ is directly proportional
to this scale. If we denote by δ the change in image intensity, then we state this
relation in the discrete case as the following remark:

Remark Let u(0) be an image consisting of two regions, (a) an arbitrarily shaped
extremal region R and (b) background region u(0) \ R. If δ denotes the change in
image intensity of this extremal region, then the regularization parameter

λ ∼ δ · scale = δ · |R|
|∂R|

.

Here |R| and |∂R| denote the area and perimeter of the region R respectively. More-
over, if we neglect the background change in the solution u(λ) at the critical parameter
λ to the MPTV problem, then

λ = δ · scale = δ · |R|
|∂R|

.

The remark directly follows from λ update formula (4.9). From the above remark, we
may deduce that each λ(k) corresponds directly to an image feature (R(k), β(k)), (R(k)

denoting a region with intensity value β(k)) through the relation that λ(k) is roughly
equal to the difference in image intensities (jump) times scale of the corresponding
region R(k). Hence, as the parameter is incrementally increased, the corresponding
merging of the regions proceeds from fine (small) λ to coarse scale (larger λ).

5. Applications to Image Decomposition. In this section, we adapt the
above model (2.1) and the associated PM framework to be used for image decompo-
sition.

5.1. Decomposition Methodology. Precisely, given an initial image u0, the
parameter marching method generates the critical sequence of regularization param-
eters 0 = λ(0) < λ(1) < . . . < λ(N) and corresponding solutions (scale spaces)
{u(k)} for k = 1, . . . , N . For each scale space u(k) we can define the difference
v(k) = u(k−1) − u(k). Therefore, for each k, u(k−1) = u(k) + v(k) is known as the
Rudin-Osher-Fatemi decomposition when in conjunction with the TV model. The
final PM decomposition becomes:

u(0) = u(N) +

N∑
i=1

v(i).(5.1)

u(N) = umean.

Here, umean is the image having each intensity value equal to the mean value of the
original image u(0). Moreover, if we let λ̃(i) = λ(i) − λ(i+1) then the above equation
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(a) (b)

(c) (d)

(e) (f)

Fig. 4.1. In (a) we have the original image consisting of 3 squares having different sizes and
intensities. (b) the noisy image, SNR = 10. In (c) we have the denoised image which is the first
scale space consisting of only image features. (d)–(f) the resulting scale spaces.

becomes:

u(0) = u(N) +

N−1∑
i=0

λ̃(i)α(i).(5.2)

Here, the α(i)’s become a global data defined basis in the sense that they contain
information about the speed and direction of the remaining regions to be merged
at the i-th level of the decomposition. The λ̃(i)’s define the order of the merging.
Precisely, each λ̃(i) corresponds to the merging of the i-th region in the original image
u(0) and each α(i) contains the speed (scale) and direction of the remaining regions at
the i-th step of the decomposition. Moreover, each regularization parameter depends
directly on a given image feature in the sense of scale and image intensity.

5.2. Examples of PM Decomposition. In Figure 5.1 we have a decomposi-
tion of an image that consists of a cross, a snowflake, and a firecracker all with image
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(a) (b)

(c) (d)

Fig. 4.2. (a)–(d) The induced basis from the features in the denoised scale space seen in Fig.
4.1 (c).

intensity values 0 and background value 190 . According to our methodology, the
snowflake should be the first object to merge as it has a low area to perimeter ratio.
The critical λ which in this case is λ = 194 is calculated from our algorithm and
the snowflake is merged with the background without altering the geometry of the
remaining objects in the image. The next critical parameter λ = 312 is calculated
from our method to merge the cross without any incident. Finally the firecracker is
merged last by λ = 560 and the remaining region is expectedly the mean of the initial
data. We notice how the regions merge with the background at each step cleanly and
without any visible artifacts. Moreover, we can calculate the exact λ value for the
merging of each region. We contrast this to Figure 5.3 where we solve the correspond-
ing Euler-Lagrange equation for the TV model. Here, we see that the image features
become distorted, e.g. the snowflake in (b) is smeared, the cross has artifacts and
the firecracker has lost some of its wick. Moreover, the λ parameters corresponding
to the merging of each region are difficult to define as the regions tend to diffuse into
the background as opposed to a clean merge.

5.3. TV basis and Induced Orthogonal Basis at Each Level. In this
section, we further investigate the basis, {αi} as seen in equation (5.2) which is induced
from the monotonicity preserving TV model. We will also introduce an orthogonal
basis derived from the above αi’s and extend this notion to the solutions at each k-th
level, u(k). Proceeding with the same decomposition as before, given an image u(0)

we can apply the PM method to find an N , a sequence of regularization parameters
{λ(k)}, and corresponding solutions {u(k)} for k = 1, . . . , N such that u(0) has the
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decomposition

u(0) = u(N) +

N−1∑
i=0

λ̃(i)α(i)

Here, for the sake of argument, we may assume that u(0) has N distinct regions.
As mentioned earlier, the λ(i)’s contain information about the merging of the i-th
region and α(i)’s become a global basis in the sense that they contain information
about the merging speeds(e.g. how much each region will change as λ is changed) and

directions(increasing or decreasing) of all the remaining regions R
(k)
i of u(k) at the

k-th level for i = 1, . . . , N − k. Furthermore, at this k-th level of the decomposition
we may define

u(k) = u(0) −
k−1∑
i=0

λ̃(i)α(i) =

N−1∑
i=k

λ̃(i)α(i) + u(N).(5.3)

The decomposition (5.3), has N − k remaining regions and represents the decompo-
sition for features with scales greater than the k-th scale. Here, for the solution u(k)

we define ν
(k)
i to be the orthogonal basis vector for the i-th region R

(k)
i at the k-th

level. The ν
(k)
i are given by

ν
(k)
i = δ

R
(k)
i

=

{
1 if (p, q) ∈ R(k)

i

0 if (p, q) ∈ Ω \R(k)
i

for i = 1, . . . , N − k.(5.4)

We also define β
(k)
i to be the image intensity for the i-th region R

(k)
i at the k-th level

so that each feature has the representation F
(k)
i = β

(k)
i δ

R
(k)
i

. Moreover, given the

merging information at this level, we may make a change of basis {α(i)} → {νi} such
that u(k) becomes

u(k) =

N−k∑
i=1

β
(k)
i ν

(k)
i .(5.5)

Furthermore, we can do this at each level from fine to coarse scale since we know the
remaining regions at the k-th level of the decomposition. Clearly, the finest level is
represented by

u(0) =

N∑
i=1

β
(0)
i ν

(0)
i .(5.6)

We call the ν
(k)
i ’s the Induced Orthogonal Basis at the k-th level.

The feature extraction can best be seen in the following simple example. We
consider an image u(0) consisting of 3 rectangles and background as seen in Figure
5.4. The rectangles vary from small to large size each with image intensity 129,
193, and 160 respectively on a background of intensity 1. The PM method yields 3
parameters λ(1) = 190, λ(2) = 600, and λ(3) = 842 and the corresponding regions to
be merged at each step. This is seen in Figure 5.4. λ(1) = 190 corresponds to the
merging of the smallest rectangle, λ(2) = 600 the merging of the medium rectangle
and λ(3) = 842 the merging of the last rectangle. From the merging information we
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may denote each rectangle by R
(0)
i for i = 1, 2, 3 where the ordering depends on the

merging schedule. Here the merging proceeds from smallest to largest rectangles. Let

the background be given by R
(0)
4 . We may then form the decomposition

u(0) = β
(0)
1 δ

R
(0)
1

+ β
(0)
2 δ

R
(0)
2
β

(0)
3 δ

R
(0)
3

+ β
(0)
4 δ

R
(0)
4

(5.7)

with β
(0)
i , i = 1, 2, 3 having intensity value 129, 193, and 160 respectively and β

(0)
4

with value 1. The basis vectors ν
(0)
i = δ

R
(0)
i

for i = 1, 2, 3 are exhibited in Figure

5.6. Thus, to extract the largest scale feature, we need only look at the 3rd term in

the decomposition, β
(0)
3 δ

R
(0)
3

and for the finest scale feature, we look to the first term,

β
(0)
1 δ

R
(0)
1

. The extracted features can be seen in Figure 5.7.

6. Parameter Marching – L2 Projection Method (PMP). In TV denois-
ing and decomposition problems it is well known that the contrast of the image is not
preserved. It is also pointed out in [15] and [9] that the geometry is not preserved
as well. By restricting the class of minimizing functions to be monotonicity preserv-
ing it is shown in [9] that one can solve the geometry loss problem. However, the
loss of contrast is still present in the model (4.14) and is thus inherited by the PM
method. We wish to overcome this problem. Thus, we introduce a contrast preserving
variant of the PM method along with its applications to contrast preserving image
decomposition and contrast preserving denoising.

6.1. Parameter Marching L2 Projection Method for Contrast Preser-
vation. Given the decomposition of an image at the k-th level and the corresponding
induced basis representation at this level

u(k) =

N−k∑
i=1

β
(k)
i ν

(k)
i ,(6.1)

we note that the contrast defined by the β
(k)
i is obtained from the evolution of the

initial data u(0) to the solution at the k-th level u(k) while marching the regularization
parameter λ from λ(1) to λ(k). Hence there is a corresponding contrast loss of the non-
merged regions in this scale space, u(k), as opposed to the original image. This leads

us to consider what the best values for the coefficients β
(k)
i should be. In this setting,

a natural choice would be the best fit of the original data u(0) in the corresponding

scale space defined by the basis {ν(k)
i } for i = 1, . . . , N − k. Hence, unmerged regions

would exactly retain their original contrast and merged regions would take the average
contrast of u(0) over these regions. Therefore we reduce the contrast loss problem at
the k-th level to the minimization problem

min
η
(k)
j ∈R

1

2
‖u(0) −

N−k∑
i=1

η
(k)
i νi

(k)‖22.(6.2)

The solutions to (6.2) are given in the following theorem
Theorem 6.1. For each j, j=1,. . . ,N-k, the solution to (6.2) is given by

η
(k)
j =

1

|ν(k)
j |

∫
supp(ν

(k)
j )

u(0)dx(6.3)
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Here, supp(ν
(k)
j ) = support of ν

(k)
j = {(p, q)| νj(p, q) = 1} and |ν(k)

j | = |supp(ν(k)
j )|

where | · | denotes the counting norm.
Proof. This follows from the fact that any minimizer of (6.2) must satisfy

∂

∂ηj

1

2
‖u(0) −

N−k∑
i=1

ηiνi‖22 = 0

where we suppress the k-th level notation on η
(k)
i and ν

(k)
i respectively. Hence,

∫
Ω

(u(0) −
N−k∑
i=1

ηiνi)νjdx = 0.

Using inner product notation implies

〈u(0), νj〉 −
N−k∑
i=1

ηi〈νi, νj〉 = 0.

Since 〈νi, νj〉 = 0 for i 6= j we arrive at

ηj =
〈u(0), νj〉
〈νj, νj〉

=
1

‖νj‖22

∫
Ω

u(0)νjdx =
1

|νj|

∫
supp(νj)

u(0)dx.

Thus, in this new setting the contrast preserving decomposition of a given image
u(0) at the k-th level becomes

u(k) =

N−k∑
i=1

η
(k)
i νi

(k)(6.4)

with the η
(k)
i defined from (6.3). In particular, image features that have not yet

merged retain their exact contrast as originally in u(0). Moreover, piecewise constant
images can be recovered exactly for all λ parameters up to the critical one. These the-
oretical results will be shown at the conclusion of this section as we wish to emphasize
the applications. In short, this method combines the same beneficial attributes of the
original PM method in the sense that the geometry and dynamics are the same but
with better contrast preservation. Moreover, since the average value of each region
is stored at each step of the algorithm, the contrast preserving method retains the
N logN complexity of the original PM method. Hence, to preserve contrast, the idea
flow is:

PM-method −→ TV-basis −→ Induced basis −→ L2 projection of u(0) onto the in-
duced basis.

We call this new method the PM–L2 Projection Method (PM–L2).
In practice, the new PMP method does not differ much from the PM method

since the average values of each region are stored and updated throughout the merging
process. To calculate the projection, one need just omit the update step in the PM
algorithm.
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6.2. Application to Contrast Preserving Denoising and Decomposition.
Let the forward noise model is given by uobs = uclean + ℵ with uobs, uclean, and ℵ
the observed image, the clean image, and the additive noise respectively then we can
choose a λ(k) such that the noise ℵ is removed. Then the k-th level decomposition
u(k) at λ(k) is the approximation to the clean image uclean obtained from evolving λ
and u(0) via the PM–L2 method. Then, the resulting solution at the k-th level, u(k),
has the decomposition

u(k) =

N−k∑
i=1

η
(k)
i ν

(k)
i(6.5)

where the first k regions are construed as noise and the η
(k)
i ’s as in (6.3). Hence the

remaining regions should be close to those of the clean image uclean. Moreover, since
the νi

(k)’s are derived from the L2 projection, the contrast of the restored image u(k)

should be close to that of the clean image. Precisely, if u(k) denotes the decomposition

at the k-th level as in (6.5) with regions ν
(k)
i and uclean the clean image with regions

ν∗i then we denote the contrast of u(k) and uclean by η
(k)
i and η∗i respectively. If we

further assume that u(k) and uclean have the same number of regions and that the

regions {ν(k)
i } and {ν∗i } coincide, then we can bound the difference in intensities

|η(k)
i − η

∗
i |

= | 1

|ν(k)
i |

∫
supp(ν

(k)
i )

u(0)dx− 1

|ν∗i |

∫
supp(ν∗

i )

ucleandx|

= | 1

|ν(k)
i |

∫
supp(ν

(k)
i )

ucleandx +
1

|ν(k)
i |

∫
supp(ν

(k)
i )

ℵdx− 1

|ν∗i |

∫
supp(ν∗

i )

ucleandx|

= | 1

|ν(k)
i |

∫
supp(ν

(k)
i )

ℵdx|.

Here, the last integral is just the average value of the noise ℵ over the support of

ν
(k)
i . Hence, for denoising applications, if the orthogonal basis of the reconstructed

image u(k) from the PM method coincides with the basis of the clean image uclean
then we can preserve the contrast up to the average value of the noise over each
image feature. Therefore, we have just introduced a contrast preserving TV denoising
method. Of course in practice, the remaining basis elements of the denoised image
may not coincide exactly with that of the original image and depends strongly on
the present noise level. However, the closer the remaining basis elements to that of
the original image, the better the contrast is preserved. Numerically, for piecewise
constant images, even under moderate noise levels, a good approximation to the
original basis is restored and the contrast is much better preserved over the standard
TV denoising method. In practice, one does not need to explicitly compute the change
of basis since the PM algorithm already stores the location of regions and the average
intensity value of the original image over these regions.

6.3. Basic L2 Projection Results.

6.3.1. Mean value preserved by PM–L2 method. It is proven in [7] that the
mean value is preserved for the PM method. We wish to show that the same property
is true for the PM–L2 method. By mean value preservation we mean

∫
Ω

u(0)dx =∫
Ω

u(k)dx for each k with u(k) as in (6.4). We state this as the following proposition
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Proposition 6.2. Given an initial image u(0), for each u(k) obtained from the
PM–L2 Projection method, ∫

Ω

u(0)dx =

∫
Ω

u(k)dx(6.6)

Proof. To ease notation, we may assume that for each k there are N − k distinct
regions of u(k). For the case of multiple identical regions, the proof follows in the
same manner. Then, at each level k we may form the decomposition

u(k) =

N−k∑
i=1

η
(k)
i ν

(k)
i(6.7)

with the ν
(k)
i the induced orthogonal basis as in (5.4) and the η

(k)
i the contrast from

the L2 projection method as in (6.3). Thus,

∫
Ω

u(k)dx =

∫
Ω

N−k∑
i=1

η
(k)
i ν

(k)
i dx

=

N−k∑
i=1

η
(k)
i

∫
Ω

ν
(k)
i dx

=

N−k∑
i=1

1

|ν(k)
i |

∫
supp(ν

(k)
i )

u(0)dx|ν(k)
i |

=

N−k∑
i=1

∫
supp(ν

(k)
i )

u(0)dx

=

∫
Ω

u(0)dx.

Here, | · | and supp(ν
(k)
i ) are the same as in Theorem 6.1. The Last line follows from

the fact that for all k,
⋃N−k
i=1 supp(ν

(k)
i ) = Ω.

7. Future Works.

7.1. L1 fitting term algorithm for Image Decomposition:. In the work
by Chan and Esedoglu it is shown that in the continuous setting the L1 fitting term
is useful for image decomposition as features tend to preserve their contrast until a
critical parameter λ is reached. Unfortunately there is no efficient way to compute
these critical λ values. Our approach is to apply the same methodology of the PM
method to create an algorithm that may be associated to the L1 fitting case.
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An N Log N Parameter Marching Algorithm

Input: u(0), λ > 0
Output: u(λ)
Initialization:
m ← number of horizontal nodes, n ← number of vertical nodes
λ(0) ← 0, j ← 0, k ← 0
For i = 1, . . . ,m

For j = 1, . . . , n do
Ri,j ← {i, j}
α

(0)
i,j ← δ(0)

i+ 1
2 ,j
− δ(0)

i− 1
2 ,j

+ δ(0)
i,j+ 1

2
− δ(0)

i,j− 1
2

EndFor
EndFor
N ← n×m /*number of flat regions*/
For i = 1, . . . ,m− 1

For j = 1, . . . , n− 1 do

If u
(0)
i+1,j = u

(0)
i,j

ti+ 1
2 ,j
← 0

ElseIf u
(0)
i,j+1 = u

(0)
i,j

ti,j+ 1
2
← 0

ElseIf α
(0)
i+1,j = α

(0)
i,j

ti+ 1
2 ,j
←∞

ElseIf α
(0)
i,j+1 = α

(0)
i,j

ti,j+ 1
2
←∞

Elseif

ti+ 1
2 ,j
← (u

(0)
i+1,j−u

(0)
i,j )

(α
(0)
i,j−α

(0)
i+1,j)

Else

ti,j+ 1
2
← (u

(0)
i,j+1−u

(0)
i,j )

(α
(0)
i,j−α

(0)
i,j+1)

EndIf
EndFor

EndFor
Iteration Step:
While λ(k) < λ do:

If N = 1
Return A constant vector with entries equal to the mean of u(0).

EndIf

{i∗, j∗} ← argmin1≤i≤m−1, 1≤j≤n−1

{
ti+ 1

2 ,j
, ti,j+ 1

2

}
T ← min1≤i≤m−1, 1≤j≤n−1

{
ti+ 1

2 ,j
, ti,j+ 1

2

}
If T < λ

If ti∗+ 1
2 ,j

∗ < ti∗,j∗+ 1
2

Merge Ri∗,j∗ and Ri∗+1,j∗ , N ← N − 1, m← m− 1, re-index all Ri,j
Update αi∗−1,j∗ and αi∗+1,j∗ , delete αi∗,j∗ , re-index all αi,j
Update ti∗− 1

2 ,j
∗ and ti∗+ 3

2 ,j
∗ , delete ti∗+ 1

2 ,j
∗ , re-index all ti+ 1

2 ,j

Else
Merge Ri∗,j∗ and Ri∗,j∗+1, N ← N − 1, n← n− 1, re-index all Ri,j
Update αi∗,j∗−1 and αi∗,j∗+1, delete αi∗,j∗ , re-index all αi,j
Update ti∗,j∗− 1

2
and ti∗,j∗+ 3

2
, delete ti∗,j∗+ 1

2
, re-index all ti,j+ 1

2

EndIf
EndIf
k ← k + 1
λ(k) ← min {T, λ}

EndWhile

Compute u(k) by u(k) = a
(k)
i,j + λ(k)α

(k)
i,j

Return u(k)

Fig. 4.3. An N LogN Parameter Marching Algorithm
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(a) (b)

(c) (d)

(e) (f)

(g)

Fig. 5.1. Full decomposition of an image by the proposed PM method. Given an initial image
(a), we have in (b)–(e) decompositions with λ = 130, λ(1) = 194, λ = 270, λ(2) = 312, λ = 500,
and λ(3) = 560 respectively. Note how the regions merge with the background in each stage cleanly
without any visible artifacts nor geometric changes to the remaining regions. We also note that in
(b) and (c) the snowflake region is the first to merge as its area to perimeter ratio is the smallest
in this group. The cross and the firecracker subsequently follow. The values λ(1), λ(2), and λ(3)

are critical values respectively while the values λ = 160, λ = 250, and λ = 450 respectively are
intermediate λ values.
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(a)

(b) (c)

(d) (e)

Fig. 5.2. Decomposition into 4 summands, (a) = (b) + (c) + (d) + (e) by using the PM
method. In (a) we have the initial data while in (b)–(d) we exhibit the corresponding residuals+180
at λ(1), λ(2) and λ(3) respectively. Due to the global contrast loss, the residuals contain the desired
removed image feature along with some contrast from the other features. However, the amount
of contrast removed remains constant with respect to each feature and each feature being removed
at each stage has clearly has a higher contrast than the other features. For example, in (b) the
snowflake is the first feature to be removed, hence, it has a higher contrast than the cross and the
firecracker. We also note that there are no geometric changes to any of the regions.
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(a) (b)

(c) (d)

(e) (f)

(g)

Fig. 5.3. Decompositions of an image by solving the Euler-Lagrange equation for the TV model
for various λ’s. Given an initial image (a), we have in (b)–(g) decompositions with λ = 300,
λ(1) = 460, λ = 650, λ(2) = 900, λ = 1400, and λ(3) = 1800 respectively. Note how the region
merging is not as clean as with the PM method in Figure 5.1. The features tend to diffuse with
the background making the critical λ values, which correspond to the merging, difficult to define.
Particularly in (b) we observe this behavior as the snowflake’s shape is smeared during the merging
process. Moreover, in (b) as well, the cross has artifacts appearing and the firecracker has lost some
of its wick. The values λ = 300, λ = 650, and λ = 1400 respectively are intermediate λ values.
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(a)

(b) (c) (d)

Fig. 5.4. In (a) we have the original image u(0) consisting of 3 rectangles on a dark background.
In (b)–(d), the merging of regions from the PM method from fine scale (small rectangle) to large
scale (largest rectangle). Here, the critical λ’s calculated from the method are given by λ(1) = 190,
λ(2) = 600, and λ(3) = 842.
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Fig. 5.5. Global basis at each k-th level, k = 1, 2, 3, defined by the monotonicity constrained
TV norm. These are global in the sense that at the k-th level, each basis α(k) has information about

the speed, and direction of each non merged region R
(k)
i , i = 1, . . . , 3 − k at that level. The critical

value λ(k) determines the features to be merged at the k-th level. (a), (c) and (e) are the 2-d α(1),
α(2), and α(3) basis vectors respectively. (b), (d), and (f) represent the cross sections of −α(1),
−α(2), and −α(3) respectively. Here, we see that each non background region has negative speed
(value) so they will drop to the background in subsequent steps. Moreover, the smallest region which
has the smallest area to perimeter ratio (small scale) drops the fastest hence has the highest peak in
the cross section image (b).
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Fig. 5.6. The induced basis vectors, ν
(0)
i , i = 1, 2, 3, defined from the decomposition at the finest

level u(0). In one sweep of the PM algorithm, we can generate the ordering of merging defined by

the λ(k)’s and the corresponding i-th regions, R
(k)
i to be merged at the k-th level. Hence at the k-th

level, we may define the induced basis vectors ν
(k)
i , i = 1, . . . , N − k ordered corresponding to their

subsequent merging at later levels.

(g) (h)

(i) (j)

Fig. 5.7. The image features extracted from the given image u(0) from fine to coarse scale.
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(a) (b)

(c) (d)

Fig. 6.1. Full decomposition of an image by the PM–L2 Projection method. Given an initial
image (a), we have in (b)–(d) decompositions with λ(1) = 194, λ(2) = 312, and λ(3) = 560 respec-
tively. The regions merge with the background in each stage cleanly without any visible artifacts
nor geometric changes to the remaining regions. The merging proceeds in the same fashion as with
the PM method viewed in Figure 5.1, however, the contrast of each remaining feature is exactly
preserved. The values λ(1), λ(2), and λ(3) are the critical values respectively.
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(a)

(b) (c)

(d) (e)

Fig. 6.2. Decomposition into 4 summands, (a) = (b) + (c) + (d) + (e) by the PM–L2

method. In (b)–(d) we have the residuals+185 at λ(1), λ(2) and λ(3) respectively. Note that in
each summand, the features are more cleanly extracted as compared to those resulting from the PM
method observed in Figure 5.2. This is due to the exact contrast preservation of each image feature
in the decompositions and allows for a ”cleaner” decomposition since the features are better isolated.
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(a) (b)

(c) (d)

(e)

Fig. 6.3. In (a) we have a clean 63× 63 synthetic hammer image. The noisy image is shown
in (b) with signal to noise ratio, SNR = 5. In (c) we have a denoised image via the PM method
and in (d) the denoised image via PM-L2 Projection method. We have in (e) the denoised image
by solving the Euler-Lagrange equations from the original TV model. Clearly, the contrast is better
preserved in (d) over the images in (c) and (e). In (c)–(e) λ = 170.
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Fig. 6.4. Here, we have the residuals defined as uobs − urestored. In (a) and (c) the contrast
of the image shows up in the residual while in (b) it appears as only noise hence the contrast of the
restored image is preserved.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k)

Fig. 6.5. Full decomposition of an image by the PM algorithm. (a) Given initial image. (b)–
(k) Decompositions with λ(1) = 227, λ(2) = 266, λ(3) = 302, λ(4) = 354, λ(5) = 492, λ(6) = 658,
λ(7) = 751, λ(8) = 1014, λ(9) = 1272, and λ(10) = 1843 respectively. Note how the regions merge
with the background in each stage cleanly without any visible artifacts nor geometric changes to the
remaining regions. We also note that in (a)–(g) the small scale features merge first followed by the
large scale features in (h)–(k)
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Fig. 6.6. Decomposition into 11 summands, (a) = (b) + (c) + (d) + (e) + (f) + (g) + (h)
+ (i) + (j) + (k) + (l) by using the PM method. In (b)–(k) we have the residuals+100 of the PM
method. The constant image of the mean value of (a)+100 is exhibited in (l).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k)

Fig. 6.7. Full decomposition of an image by the PM–L2 projection algorithm. (a) Given initial
image. (b)–(k) Decompositions with λ(1) = 227, λ(2) = 266, λ(3) = 302, λ(4) = 354, λ(5) = 492,
λ(6) = 658, λ(7) = 751, λ(8) = 1014, λ(9) = 1272, and λ(10) = 1843 respectively. Note how the
regions merge with the background in each stage cleanly without any visible artifacts nor geometric
changes to the remaining regions. The contrast is clearly preserved over the PM decomposition while
regions are merged according to the same geometric criteria as in the PM case. We also note that
in (a)–(g) the small scale features merge first followed by the large scale features in (h)–(k)
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Fig. 6.8. Decomposition into 11 summands, (a) = (b) + (c) + (d) + (e) + (f) + (g) + (h) +
(i) + (j) + (k) via the PM–L2 method. In (b)–(j) we have the residuals of the PM–L2 projection
method. Note that the image features in each summand are cleanly removed. This is due to the
preservation of contrast with this method.
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(a) (b)

Fig. 6.9.

(a) (b)

(c)

Fig. 6.10.


