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Image Segmentation 
v  Problem: Detect Salient Regions & their Boundaries  

v  Often: P.W. Smooth (or cartoonish) regions & sharp boundaries 

v  Useful for object location & recognition, medical imaging (tumor 
detection etc.), face recognition, tracking, … and more 

 

Original images Our Results Brightness only [13] Normalized cuts [9]

Figure 1. Experimental results
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Example Segmentations: Simple Scenes

Segmentations of simple gray-level images can provide useful infor-
mation about the surfaces in the scene.

Original Image Segmentation (by SMC)

Note, unlike edge images, these boundaries delimit disjoint image re-
gions (i.e. they are closed).
2503: Segmentation Page: 2
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Image Segmentation: Motivation 
Recall the Los Angeles Riots of  1992 



High Point of  Riots: Reginald Denny Beaten Mercilessly on Nat’l. TV 

Image Segmentation: Some Motivation 

Public Outrage! 

Perpetrators at large! 



Calculus Based Image Processing Used to Enhance Footage 
Cognitech and UCLA Image Processing Group Help LAPD 



It started out as just a speck on a photograph 
of  a man who threw a brick at truck driver 
Reginald Denny at Florence and Normandie 
avenues in the opening hours of  the 1992 Los 
Angeles riots. 
But when Leonid Rudin subjected it to a 
complicated computer algorithm and a slew 
of  complex mathematical equations, that 
speck--originally less than 1/6,000th the size 
of  the total photograph--was revealed to be a 
rose-shaped tattoo on the arm of  the man, 
later identified in court as Damian Monroe 
Williams. 



NAWCWPNS TP 8348 

either identify those workstation bottlenecks that can be improved, automated, or 
augmented by the ACI algorithms, or to introduce new exploitation aids tailored to digital 
libraries. 

Reginald Denny Beating Investigation 

Perpetrator's tatoo superresolution 

Comparison with the suspect's real tatoo 

Cognitech, Inc. 

FIGURE 2. Investigative Image Processing. 

Outcome:  
All 3 Criminals Convicted! 

Ã Original Crime Scene Video 

Ã Tattoo Superresolution 

Ã Comparison w/ Real Tatoo 

Image Processing 
Crime Footage 



         

          

 Application: “active contour” 

 Initial Curve                 Evolutions                 Detected 
Objects   

− giving  an  image  f :Ω→ℜ

− evolve  a  curve  C   to  detect  objects  in  f
− the curve  has to stop on the boundaries  of the objects 



  Basic idea in classical active contours 

Curve evolution and deformation (internal forces):  

                     Min  Length(C) +Area(inside(C))  
         Boundary detection: what is it? What is stopping criteria 
for curve? 

 Initial Curve                 Evolutions                 Detected 
Objects   



         

          

| f − c1 |
inside(C )
∫

2
dxdy+ | f − c2 |

2 dxdy
outside(C )
∫

where  

 c1 = average( f ) inside C
 c2 = average( f ) outside C

       Fit > 0                Fit > 0              Fit > 0            Fit ~ 0 

Minimize: (Fitting +Regularization) 

Fitting not depending on gradient       detects          “contours without gradient” 

Data Fidelity Term 



Chan-Vese (CV) Model 

v  P.W. Constant Version of  Mumford Shah Model 

v  Fit constant homogeneous regions while enforcing regularity on boundary of  C 

v  Active Contours without Edges 
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       Fitting + Regularization terms (length, area)   

    C = boundary of  an open and bounded domain 

    |C| = the length of  the boundary-curve C 



        Advantages 
Automatically detects interior 
contours! 

Works very well for concave 
objects  

Robust w.r.t. noise  

Detects blurred contours  

The initial curve can be placed 
anywhere! 

Allows for automatic change 
of  topologies 



                   Experimental Results 
C  of Evolution 
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Fig. 3. Two different regularizations of the (top) heaviside function and
(bottom) delta function .

Keeping and fixed, and minimizing with respect to
, we deduce the associated Euler–Lagrange equation for .
Parameterizing the descent direction by an artificial time ,
the equation in (with defining
the initial contour) is

div

in

in

on (9)

where denotes the exterior normal to the boundary , and
denotes the normal derivative of at the boundary.

III. NUMERICAL APPROXIMATION OF THE MODEL

First possible regularization of by functions, as pro-
posed in [27], is

if
if

if

Fig. 4. Detection of different objects from a noisy image, with various
shapes and with an interior contour. Left: and the contour. Right:
the piecewise-constant approximation of . Size ,

, , no
reinitialization, cpu s.

In this paper, we introduce and use in our experiments the fol-
lowing regularization of

These distinct approximations and regularizations of the func-
tions and (taking ) are presented in Fig. 3. As

, both approximations converge to and . A differ-
ence is that has a small support, the interval , while

is different of zero everywhere. Because our energy is non-
convex (allowing therefore many local minima), the solution
may depend on the initial curve. With and , the al-
gorithm sometimes computes a local minimizer of the energy,
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Fig. 12. Spiral from an art picture. Size , , five iterations of reinitialization, cpu s.

the geometric model (2)], by which the curve cannot detect the
smooth boundary.

In Fig. 10, we validate our model on a very different problem:
to detect features in spatial point processes in the presence of
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Convex Relaxed CV Model 
Prev. Implement’s. of  CV model use level set methods 

CV (�, c1, c2) =

Z

D
|rH(�)|

�

Z

D
H(�)(c1 � f(x))2 + (1�H(�))(c2 � f(x))2dx

<latexit sha1_base64="ivWMZod+watezVaU3TejSkGKTaE="></latexit><latexit sha1_base64="ivWMZod+watezVaU3TejSkGKTaE="></latexit><latexit sha1_base64="ivWMZod+watezVaU3TejSkGKTaE="></latexit><latexit sha1_base64="ivWMZod+watezVaU3TejSkGKTaE="></latexit>

�: level set function

H(�) is Heaviside function
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C = {x : � = 0}: object boundaries
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H(x) =

⇢
0 if x < 0;
1 if x � 0.
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Convex Relaxed CV Model 

v  Depend on initialization à yields non-unique segmentations  

v  Needs re-distancing à slower convergence & computationally intensive 

v  Level set formulation is non-convex (Heaviside function à binary) 

v  New implement’s of  MS/CV models use convex relaxation techniques 

CV (�, c1, c2) =

Z

D
|rH(�)|

�

Z

D
H(�)(c1 � f(x))2 + (1�H(�))(c2 � f(x))2dx
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Level Set Methods: 



Relaxed 2 phase Mumford-Shah (Chan-Vese) model: 
 
 
 
 
 

Segmented region Σ via thresholding:  

•  For fixed c1 and c2 model is convex 

•  Robust to initialization 

•  Fast minimization techniques 

Convex Relaxed CV Model 

min
0u1

Z

⌦
|ru|+ �

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
u dx

1

min
0u1

Z

⌦
|ru|+ �

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
u dxmin

0u1

Z

⌦
|ru|+ �

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
u dxmin

0u1

Z

⌦
|ru|+ �

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
u dx

⌃ = {x |u(x) � 1/2}⌃ = {x |u(x) � 1/2}⌃ = {x |u(x) � 1/2}

⌃ = {x |u(x) � 1/2}

1



 
 
 
 
 
 
 

Caveats of  CV model (L2 TV norm): 

•  Isotropic TV norm (L2 TV) regularizes in all gradient directions 

•  Gradient distributions not equal in all directions 

•  May not capture appropriate boundaries of  certain objects 

•  Anisotropic TV norm (L1 TV) is more directional 

•  Boils down to what norm has most sparsity on the gradient of  u 

 

Convex Relaxed CV Model 

min
0u1

Z

⌦
|ru|+ �

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
u dx

1

L2 TV of u = k
p

|Dxu|2 + |Dyu|2k1
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L1 TV of u = kDxuk1 + kDyuk1
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Convex Relaxed CV Model 

Most gradient angles are at 0 and 90 degrees! 



Convex Relaxed CV Model 
•  Partition	boundaries	in	MS	&	Potts	model	rep’d	by	L0	Norm:																																

•  Gradient	distribn’s	mostly	vertical	and	horizontal	in	natural	images.		

•  L1-αL2	TV	norm	is	better	approx’n	to	L0	via	level	lines	than	L2	TV.		

•  α	chosen	based	on	gradient	distrib’s 

A WEIGHTED DIFFERENCE OF ANISOTROPIC AND ISOTROPIC TOTAL VARIATION FOR
RELAXED MUMFORD-SHAH IMAGE SEGMENTATION

Fredrick Park
?†

Yifei Lou
?

Jack Xin
†

?† Whittier College, Mathematics Department, Whittier, CA 90601
?University of Texas Dallas, Department of Mathematical Sciences, Richardson, TX 75080

† University of California at Irvine, Mathematics Department, Irvine, CA 92697

ABSTRACT

We propose to incorporate a weighted difference of anisotropic
and isotropic total variation (TV) norms into a relaxed formu-
lation of the two phase Mumford-Shah (MS) model for image
segmentation. We show results exceeding those obtained by
the MS model when using the standard TV norm to regular-
ize partition boundaries. In particular, examples illustrating
the qualitative differences between the proposed model and
the standard MS one are shown. A fast numerical method
is introduced to minimize the proposed model utilizing the
difference-of-convex algorithm (DCA) and the primal dual
hybrid gradient (PDHG) method.

Index Terms— Total-Variation, Segmentation, Mumford-
Shah Functional, Chan-Vese Model, Primal-Dual

1 Introduction
The celebrated Mumford and Shah (MS) model [1] in 2-phase
form known as the Chan-Vese (CV) model [2] is one of the
most studied and successful models in image processing. The
CV model has the following formulation:

min
⌃,c1,c2

Per(⌃) + �

Z

⌃
(c1 � f)2dx+

Z

⌃c

(c2 � f)2dx. (1)

Here, f is a given gray scale image, ⌃ denotes a region, and
⌃c the outside of that region. The key idea is to minimize
the above functional (1) by matching two regions (constants)
in the L

2 sense while also minimizing the perimeter of the
boundaries between them. The values are designated by c1

and c2 and are obtained on the regions ⌃ and ⌃c respectively.
The two regions and values are unknowns and need to be
solved for during the minimization. In general, the CV model
is difficult to implement in practice. Chan and Vese utilized
a level set method formulation and showed successful results.
Conventionally, level set methods can be slow to converge due
to the need for periodic reinitialization of the level set func-
tion to a signed distance one. More recently, Chan et al. [3]

Corresponding author email: fepark@whittier.edu.
This work was supported in part by ONR grant N00014-11-1-0602, NSF
grant DMS-1222507, NSF grant DMS-1522383, and NSF grant DMS-
1522786.

and Bresson et al. [4] proposed convex relaxed formulations
of the CV model. The general formulation follows as:

min
0u1

Z

⌦
g|ru| dx+ �

Z

⌦

�
(c1 � f)2 � (c2 � f)2

 
u dx

(2)
where ⌦ is the image domain and g(x) is an edge detector
or set to value 1. The segmented region ⌃ is realized by
taking the upper level set of u in the following way: ⌃ =
{x : u(x) � 1/2}. The main idea was to relax the non-convex
constraint of u being binary to a convex one. Once the min-
imization problem (2) is solved, one simply thresholds u to
obtain the segmented region. The authors show accurate and
successful segmentations along with fast numerical results.

The L0 norm on the gradient J(u) = kruk0 is construed
as the length of partition boundaries in the context of the clas-
sical Potts model [5] or two-phase Mumford-Shah segmen-
taion [1]. To circumvent the NP-hard L0 norm, the convex re-
laxed approach is to use the L1 norm on ru, see [6]. L1 norm
on the gradient is known as the total-variation (TV) norm [7].
To approximate L0, a series of works show that L1 � L2 is
better than L0 (greedy approaches), L1, and Lp in compres-
sive sensing [8]. When applying L1�L2 on image gradients,
it enforces gradients to be either horizontal or vertical. To
account for other gradient directions, a weighted difference,
i.e. L1 � ↵L2 is considered in the recent work by Lou et
al. [9], where ↵ is chosen according to gradient distributions.
They show accurate results and provide a convergence proof
using a difference-of-convex algorithm (DCA) [10, 11, 12].
L1 � 0.5L2 is also observed to be numerically more stable
compared to L1 � L2. We also note that the level curves for
the convex addition L1 + ↵L2 closely resemble those of L1

while those for L1 � ↵L2 are closer to L0.

This work is an extension of the work by Lou et al. [9]
to the image segmentation problem. To that end, we propose
incorporating a weighted difference of anisotropic-isotropic
TV into the two-phase relaxed CV model. For the remainder
of the paper, we refer to L1 �↵L2 as the weighted difference
of anisotropic and isotropic TV:

Jani �↵Jiso = kuxk1 + kuyk1 �↵k
q

|ux|2 + |uy|2k1 (3)

L1 - 0.5L2 closer to L0 than: 
L1, L2, and L1 - L2 

Level lines plot 



Proposed Model 

min
0u1

Z

⌦
|ux|+ |uy|� ↵ |ru|+ �

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
| {z }

r1(c1,c2)

u dx

min
0u1

Z

⌦
|ux|+ |uy|� ↵ |ru|+ �

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
u dx

min
0u1

Z

⌦
|ux|+ |uy|� ↵ |ru|

| {z }
L1 �↵L2 TV norms

+�

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
u dx

⌃ = {x |u(x) � 1/2}

1

Difference of  Anisotropic and Isotropic TV CV model 

Convex Relaxed CV model is now Non-Convex! 
 
How to minimize it now? 



Proposed Model 
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Z
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(c1 � f)2 � (c2 � f)2

⇤
u dx

⌃ = {x |u(x) � 1/2}

1

Can be written as a difference of  convex!  
Proposed model written as di↵erence of convex:
F (u) = G(u)�H(u)

⇢
G(u) = kuxk1 + kuyk1 + ckuk22 + � hr1, ui
H(u) = ↵kruk2,1 + ckuk22

where c is a small parameter in front of kuk22 enforcing strong convexity on G and H in the di↵erence.
We linearize the strongly convex term in H(u) and obtain the following iterative scheme:
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u dx

min
0u1
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Z

⌦
|ux|+ |uy|� ↵ |ru|

| {z }
L1 �↵L2 TV norms

+�

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
u dx

⌃ = {x |u(x) � 1/2}

1

(c is parameter for strong convexity) 

Difference of  Anisotropic and Isotropic TV CV model 



DCA Algorithm 

DCA algorithm à linearization of  the non-convex 
terms and then iterating 

qn =
run

|run|
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here qn = 0 if |run| = 0
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where it is understood that these norms are operating on the
gradients of the image. Here, ↵ 2 [0, 1] and is chosen based
on gradient distributions.
Thus, the key contributions of this paper are:

• Introduce a variant of the relaxed CV model that geo-
metrically better preserves boundaries of regions over
the standard CV model.

• Presentation of new numerical schemes utilizing a
DCA algorithm with primal dual hybrid gradient
(PDHG) methods to solve sub-problems efficiently.
DCA has provable convergence properties in certain
settings.

• The method can be executed with complete automation.
Related work includes the preceding CV model [2] and

convex relaxed variants [3, 4]. A recent hybrid ADMM and
dynamic programming to solve the Potts model is introduced
by Storath et al. in [13] while convex relaxed approaches are
found in Pock et al. [14] and Chambolle et al. [15].

The paper is organized as follows, in section 2 we intro-
duce the proposed model along with the methodology to min-
imize it. Numerical results are shown in section 3. Lastly,
conclusions and future work can be found in section 4.

2 Relaxed Anisotropic-Isotropic
Chan-Vese Model (AICV)

We propose a variant of the relaxed CV model proposed by
Chan et al. [3] and the CVG model proposed by Bresson
et al. [4]. Given an initial image f defined on domain ⌦
containing a region to be segmented that we denote by ⌃, the
AICV model seeks to minimize the following:

min
0u1

Z

⌦
|ux(x)|+ |uy(x)|� ↵|ru(x)| dx

+ �

Z

⌦

�
(c1 � f(x))2 � (c2 � f(x))2

 
| {z }

r1(x,c1,c2)

u(x) dx

= min
0u1

F (u, c1, c2,�). (4)

The anisotropic-isotropic (AI) term
R
⌦ |ux| + |uy| � ↵|ru|

denotes a regularization of the region ⌃ and enforces regu-
larity on the boundary that separates the regions where the
two values c1 and c2 are taken. We outline the minimization
method and subsequent algorithm below.

Assuming that either c1, c2 and � are known or c1 and
c2 will be solved for during the minimization, we refer to the
objective functional F (u, c1, c2,�) as F (u) and r1(x, c1, c2)
as r1(x). Then the above AICV model (4) can be written
as a minimization of a difference-of-convex (DC) functionals
F (u) = G(u)�H(u) in the following manner:

⇢
G(u) = kuxk1 + kuyk1 + ckuk22 + � hr1, ui
H(u) = ↵kruk2,1 + ckuk22

(5)

where c is a small parameter in front of kuk22 enforcing strong
convexity on G and H in the difference. We linearize the

strongly convex term in H(u) and obtain the following itera-
tive scheme:
u
n+1 = argmin

0u1
kuxk1 + kuyk1 + ckuk22 + �hr1, ui

� ↵kruk2,1 � 2chu, uni.
(6)

The aforementioned minimization associated to the iterative
scheme in model (6) has the following equivalent uncon-
strained split formulation:
u
n+1 = argmin

u,v
kuxk1 + kuyk1 + ckuk22 + �hr1, vi

+ 1
2✓ku� vk22 + �h⌫(v), 1i � ↵kruk2,1 � 2chu, uni. (7)

Here ⌫(⇠) = max{0, 2|⇠ � 1
2 |� 1} is an exact penalty given

that � is chosen large enough, see [4]. Each DCA subproblem
in (7) can be solved by solving the two subproblems:

1. v being fixed, we search for u as a solution of:

min
u

kuxk1 + kuyk1 � ↵kruk2,1 +
1

2✓
ku� vk22

+ ckuk22 � 2chu, uni, (8)
2. u being fixed, we search for v as a solution of:

min
v

1

2✓
ku� vk22 + �hr1, vi + �

Z

⌦
⌫(v)dx. (9)

The solution to (9) is given by a simple shrinkage scheme:

v = min
n
max

n
u(x)� ✓�r1(x, c1, c2), 0

o
, 1
o
. (10)

The solution to (8) is obtained by a primal-dual hybrid gradi-
ent (PDHG) method by Zhu and Chan [16] which we focus
on now. More on the PDHG method and variants thereof can
be found in [17].

The minimization problem in (8) reduces to the following
min-max problem:

min
u

max
~p2X̃, ~q2X

hu, �div ~p + ↵ div ~q i+ 1

2✓
ku� vk22

+ ckuk22 � 2c hu, uni
= min

u
max

~p2X̃, ~q2X
�(u, ~p, ~q),

(11)

where X̃ = {~p = hp1, p2i : |p1|  1 & |p2|  1} and X =
{~q = hq1, q2i : |~q |  1}. We will optimize (11) in the fol-
lowing two step manner below.

Step 1. Dual Step
Part A. Fix u = u

k and ~q = ~q
k and apply one step

of projected gradient ascent to max problem:
max
~p2X̃

�(uk
, ~p , ~q

k). (12)

The projected gradient ascent for the maximization
(12) is simply:

~p
k+1 = PX̃(~p k + ⌧kru

k) (13)
where ⌧k is a time step and the projection is obtained
by the following operation:

PX̃(~p ) =

⌧
p1

max{|p1|, 1}
,

p2

max{|p2|, 1}

�
. (14)

Part B. Fix u = u
k and ~p = ~p

k+1 and apply one

un+1 = argminukuxk1 + kuyk1 + ckuk22 + �hr1, ui
� ↵hqn, rui � 2chu, uni+ h⌫(u), 1i
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linearized 



Splitting 

Equivalent to minimizing sub-problems: 

un+1 = argmin
u,v

kuxk1 + kuyk1 + ckuk22 + �hr1, vi

� ↵hqn, rui � 2chu, uni+ �h⌫(v), 1i+ 1
2✓ku� vk22
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1. v fixed, search for u as solution of:

min
u

kuxk1 + kuyk1 + ckuk22 � ↵hqn, rui � 2chu, uni +
1

2✓
ku� vk22

2. u fixed, search for v a solution of:

min
v

�hr1, vi + h⌫(v), 1i +
1

2✓
ku� vk22
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Split data fidelity and exact penalty terms 

splitting 



Solving Sub-Problems 
1. v fixed, search for u as solution of:

min
u

kuxk1 + kuyk1 + ckuk22 � ↵hqn, rui � 2chu, uni +
1

2✓
ku� vk22

2. u fixed, search for v a solution of:

min
v

�hr1, vi + h⌫(v), 1i +
1

2✓
ku� vk22
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TITLE OF PAPER

Name of author

Address - Line 1
Address - Line 2
Address - Line 3

v found by shrinkage: v = min
n
max

n
u(x)� ✓�r1(x, c1, c2), 0

o
, 1

o

1. v fixed, search for u as solution of:

min
u

kuxk1 + kuyk1 � ↵kruk2,1 +
1

2✓
ku� vk22 + ckuk22 � 2chu, uni,

2. u fixed, search for v a solution of:

min
v

1

2✓
ku� vk22 + �hr1, vi + �

Z

⌦
⌫(v)dx.

1. v fixed, search for u as solution of:

min
u

kuxk1 + kuyk1 �↵kruk2,1 +
1

2✓
ku�vk22+ ckuk22 � 2chu, uni,

2. u fixed, search for v a solution of:

min
v

1

2✓
ku� vk22 + �hr1, vi + �

Z

⌦
⌫(v)dx.

u
n+1 = argmin

u,v
kuxk1 + kuyk1 + ckuk22 + �hr1, vi

+ 1
2✓ku� vk22 + �h⌫(v), 1i � ↵kruk2,1 � 2chu, uni

Proposed model written as difference of convex:
F (u) = G(u)�H(u)

⇢
G(u) = kuxk1 + kuyk1 + ckuk22 + � hr1, ui
H(u) = ↵kruk2,1 + ckuk22

where c is a small parameter in front of kuk22 enforcing strong
convexity on G and H in the difference. We linearize the
strongly convex term in H(u) and obtain the following itera-
tive scheme:

min
0u1

Z

⌦
|ux|+|uy|�↵ |ru|+�

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
| {z }

r1(c1,c2)

u dx

min
0u1

Z

⌦
|ux|+|uy|�↵ |ru|+�

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
u dx

min
0u1

Z

⌦
|ux|+ |uy|� ↵ |ru|

| {z }
L1 �↵L2 TV norms

+�

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
u dx

⌃ = {x |u(x) � 1/2}

TITLE OF PAPER

Name of author

Address - Line 1

Address - Line 2

Address - Line 3

v found by shrinkage: v = min
n
max

n
u(x)� ✓�r1(x, c1, c2), 0

o
, 1

o

u found via Primal Dual Hybrid Gradient Method:

1. v fixed, search for u as solution of:

min
u

kuxk1 + kuyk1 � ↵kruk2,1 +
1

2✓
ku� vk22 + ckuk22 � 2chu, uni,

2. u fixed, search for v a solution of:

min
v

1

2✓
ku� vk22 + �hr1, vi + �

Z

⌦
⌫(v)dx.

1. v fixed, search for u as solution of:

min
u

kuxk1 + kuyk1 �↵kruk2,1 +
1

2✓
ku�vk22+ ckuk22 � 2chu, uni,

2. u fixed, search for v a solution of:

min
v

1

2✓
ku� vk22 + �hr1, vi + �

Z

⌦
⌫(v)dx.

u
n+1 = argmin

u,v
kuxk1 + kuyk1 + ckuk22 + �hr1, vi

+ 1
2✓ku� vk22 + �h⌫(v), 1i � ↵kruk2,1 � 2chu, uni

Proposed model written as difference of convex:

F (u) = G(u)�H(u)

⇢
G(u) = kuxk1 + kuyk1 + ckuk22 + � hr1, ui
H(u) = ↵kruk2,1 + ckuk22

where c is a small parameter in front of kuk22 enforcing strong

convexity on G and H in the difference. We linearize the

strongly convex term in H(u) and obtain the following itera-

tive scheme:

min
0u1

Z

⌦
|ux|+|uy|�↵ |ru|+�

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
| {z }

r1(c1,c2)

u dx

min
0u1

Z

⌦
|ux|+|uy|�↵ |ru|+�

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
u dx

min
0u1

Z

⌦
|ux|+ |uy|� ↵ |ru|

| {z }
L1 �↵L2 TV norms

+�

Z

⌦

⇥
(c1 � f)2 � (c2 � f)2

⇤
u dx

⌃ = {x |u(x) � 1/2}



Primal Dual Hybrid Gradient 

min
u

kuxk1 + kuyk1 + ckuk22 � ↵hqn, rui � 2chu, uni +
1

2✓
ku� vk22
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Primal problem: 

Becomes the  primal-dual problem: 

min
u

max
|p1|1, |p2|1

�hu, p1xi � hu, p2yi+ ckuk22 + ↵hdiv qn, ui

� 2chu, uni+ 1

2✓
ku� vk22

<latexit sha1_base64="Vs4mU7DfnTB85CuMjta3RFKI3os="></latexit><latexit sha1_base64="Vs4mU7DfnTB85CuMjta3RFKI3os="></latexit><latexit sha1_base64="Vs4mU7DfnTB85CuMjta3RFKI3os="></latexit><latexit sha1_base64="Vs4mU7DfnTB85CuMjta3RFKI3os="></latexit>

How to solve the primal-dual problem? 
 
Fast method via the Primal Dual Hybrid Gradient Method (PDHG)  
Zhu and Chan ‘08, Chambolle and Pock ‘10, Chambolle et al. ‘18 



Primal Dual Hybrid Gradient 
min
u

max
|p1|1, |p2|1

�hu, p1xi � hu, p2yi+ ckuk22 + ↵hdiv qn, ui

� 2chu, uni+ 1

2✓
ku� vk22
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Key idea:  

1. Take 1 step of gradient descent in the primal variable u

2. Take 1 step of projected gradient ascent in the dual variable ~p = hp1, p2i
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Primal Dual Hybrid Gradient 
min
u

max
|p1|1, |p2|1

�hu, p1xi � hu, p2yi+ ckuk22 + ↵hdiv qn, ui

� 2chu, uni+ 1

2✓
ku� vk22
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Key idea:  

1. Take 1 step of gradient descent in the primal variable u

2. Take 1 step of projected gradient ascent in the dual variable ~p = hp1, p2i
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uk+1 = (1� ✓k � 2c ✓k✓)u
k + ✓k

⇣
v � ✓(�div ~p k+1 + ↵ div ~q n � 2cun)

⌘
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Primal Dual Hybrid Gradient 
min
u

max
|p1|1, |p2|1

�hu, p1xi � hu, p2yi+ ckuk22 + ↵hdiv qn, ui

� 2chu, uni+ 1

2✓
ku� vk22
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Key idea:  

1. Take 1 step of gradient descent in the primal variable u

2. Take 1 step of projected gradient ascent in the dual variable ~p = hp1, p2i
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uk+1 = (1� ✓k � 2c ✓k✓)u
k + ✓k

⇣
v � ✓(�div ~p k+1 + ↵ div ~q n � 2cun)

⌘
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~p k+1 = PX̃(~p k + ⌧kruk)
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PX̃(~p ) =

⌧
p1

max{|p1|, 1}
,

p2
max{|p2|, 1}

�
.
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Primal Dual Hybrid Gradient 
Final Algorithm 

Algorithm 1 DCA to minimize unconstrained AICV

Initialization: Pick u0
MaxDCA, MaxPDHG, step size ⌧k and ✓k, and set

u = q = 0.

for 1 to MaxDCA do
Set v0 = ~p 0

= 0 and k  0

for 1 to MaxPDHG do

vk+1
= min

�
max

�
uk � ✓�r1(x, c1, c2), 0

 
, 1
 

~p k+1
= PX̃(~p k

+ ⌧kruk
)

uk+1
= (1� ✓k � 2c ✓k✓)u

k

+ ✓k(v
k+1 � ✓(�div ~p k+1

+ ↵ div ~q � 2cu))

end for
u = uk+1

, ~q = ruk+1/|ruk+1|
end for



Numerical Results: Proposed 

Proposed more accurately captures the boundary of  the square 



Numerical Results: Zoomed 

Proposed more accurately captures the boundary of  the square 



Numerical Results: More Noise 

Proposed more accurately captures the boundary of  the square 



Figure	1.	Chair	Image	

Chair	Image	

final contour on ds image f

Regularize	gradients	in	all	directions	
final contour on ds image f

Increasing	Regularization		
Results	in	Loss	of	Features	

•  Chair	leg	captured	incorrectly.		
•  Increasing	regularization	loses	

features.		

Numerical Results L2 TV 



Numerical Results: Proposed 

final contour on ds image f final contour on ds image f

L2	TV	 L1-αL2	TV	

Proposed accurately captures chair leg without loss of  features 



Proposed: Tracking Example 



Ongoing and Future Work 
v  Convergence proof  of  the DCA algorithm for proposed model 

v  Other ways of  achieving/exploiting directional sparsity 

v  Shape Prior Segmentation: Modeling both occluders and shapes 

v  Neural Network à semantic segmentation. Interplay between a 
trained model and a mathematical one. Not a 2 step approach 
but a synergistic one. 

v  Using CNN’s for applications to spatially varying blind 
deconvolution. 

v  Primal Dual methods for Neural Network Optimization 

v  Convex relaxation techniques for NN’s. Some work done on 
quantizing weights. Xi et al. ‘18 



Cliques Invariant Signature 

Motivatation:  
Bending Invariant Signatures 
Elad and Kimmel 03’ 

r1 

r2 r3 

rn 

rn-1 

Incorporation into: 
•  Geodesic Active Contours (Snakes) 
•  Polygonal Implementation of  the P.W. Constant MS Model 

22

,

||)||||(|| ji
ji

ji rrpp −−−∑
ri: pts. lying on reference shape 

pi: pts. lying on some evolving 
contour 

Intervertex	Distances: 



between them. The MS model is one of the most studied and successful segmentation models in
image processing. However, one particular caveat of this model, given its variational nature, is that
the functional has many local minimizers that can depend on the initial starting conditions (initial
guess) that correspond to incorrect segmentations at diÆering scales. There have been many recent
convexifications of the MS model, see [4, 13]. However, the non-uniquesness of minimizers often
pose similar complications.

Given the already present challenges with image segmentation and the additional caveats of the
MS model, certain settings can further compound these issues, if not outright making the problem
nearly impossible to solve in a meaningful way (e.g. meaningful segmentations). Such cases include
and are not limited to segmenting images amidst clutter (geometric noise), segmenting an object
containing components with large scale non-homogenous image intensities, or segmenting objects
near ones with similar intensities. For an explicit example of this, we can look to Fig. 1 where
a segmentation of a plane is attempted by a polygonal version of the Mumford-Shah model. In
Fig. 1 (a) an initial curve is observed while the resulting segmentation is seen in Fig. 1 (b) where
the MS model is unable to correctly segment the airplane. The clutter and the fact that the plane
contains components of diÆering intensities are the likely causes that exacerbate the problem, not to
mention the contribution from the adjacent plane further complicating the segmentation. Therefore,
in these settings (and possibly many others), unless some a priori information is incorporated into
the standard segmentation model, tackling such problems are quite formidable at best.

(a) Image and Initial Starting Curve (b) Segmentation Result (No Shape)

Figure 1: Segmentation Results, MS Functional:

There are some key di±culties in building a successful shape prior segmentation model. Develop-
ing and/or utilizing a shape signature that is invariant under rigid motions while also simultaneously
having the ability to uniquely identifying a broad class of shapes is paramount. Many useful sig-
natures and references thereof can be found in [18, 9, 10] and we refer the reader there. Moreover,
besides the beneficial invariance properties, the ability to incorporate such shape signatures natu-
rally and e±ciently into existing segmentation models is mandatory for applications. Developing a
model under these two-fold conditions is quite di±cult due to the limitations of both.

The key component of the approach in the paper is to incorporate a modified two dimensional
version of the cliques signature proposed by Kimmel et al. [9, 10, 18] into a polygonal imple-
mentation of the two phase piecewise constant Mumford Shah model. Moreover, an e±cient and
nearly automated numerical algorithm for segmenting images in the di±cult segmentation settings
described earlier will be shown. Although many sophisticated numerical implementations of the
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Shape Prior Segmentation 
Why are Shape Priors Needed? 

Example of  MS Segmentation Without Shape! 

•  Difficult Cases: Clutter, Regions w/ non-uniform intensities, Occluded Objects 
•  Prior Must be compatible with Segmentation Models i.e. both can be minimized 



Cliques Shape Matching Energy 

4.3 Di±cult Segmentation: Explicit Example

In this culminating example, we segment what is considered to be a di±cult case. In Fig. 14 (a), a
reference image and shape prior (in blue) is observed while in (b), a clean image (to be segmented)
is seen. The image in (b) is of particular interest since the color of the fuselage matching that of
the surrounding tarmac makes this case very di±cult due to the ambiguities of the region to be
segmented. Further compounding this particular case is the observation that the flight equipment
around the plane (clutter) also has similar contrast to the planes wings. In addition, the white
fuselage and wings of the adjacent plane also has the same contrast as the wings of the plane to be
segmented.

In Fig. 15 (a), the initial contour for our segmentation procedure is observed. The proposed
model is then minimized by gradually increasing the shape strength constant (in increments of 0.2)
through values from 0.1 to 1.0. The results from the proposed model with shape strength equaling
0.1, 0.5, and finally 1.0 are observed in Fig. 15 (b)–(d). Right from the start, even though the shape
strength term has value only 0.1, the plane has already become segmented. The final segmentation
result is observed in 15 (d) where the shape term has value 1.0 and the correct plane is accurately
segmented despite the clutter around the plane and the fuselage having nearly the same contrast as
the surrounding tarmac. The result from the standard (no shape) Mumford-Shah model is observed
in Fig. 15 (e), where the plane is nowhere near correctly segmented. Lastly, we remark that the
scale parameter ‘s’ in this experiment was manually chosen over a range of scales.
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(a) Reference Image (b) Image to be Segmented

with Learned Reference Shape (blue)

Figure 14: Learned Reference Shape
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(a) Initial Contour (b) Proposed Model w/ Shape = 0.1

(c) Proposed Model w/ Shape = 0.3 (d) Proposed Model w/ Shape = 0.5

Figure 4: Segmentation Results with Learned Reference Shape

11

•  ‘s’: scale parameter to be min’d over as well 
•  Invariance to Rigid Motion 
•  Scale Invariance 

Shape Matching Energy: 
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Variations of  the Perimeter Term  

3 Energy Minimization and Numerical Implementation

3.1 Normal Speed of the Mumford-Shah Model

Although we will not use level sets for the numerical implementation of the proposed model (4), we
will need the correct normal speed for the evolving curve in gradient descent in the implementation
of it. Chan and Vese (CV) in their seminal work [15] proposed a level set formulation of the
Piecewise Constant Mumford-Shah Model as follows:

EACWE(¡, c1, c2) =

Z

ß

|rH≤(¡)| + ∏

Z

ß

H≤(¡)(c1 ° f)2 + (1°H≤(¡))(c2 ° f)2dxdy. (5)

Here ‘ACWE’ denotes Active Contours without Edges as proposed in [15]. The regions ß and ßc

are now represented by a regularized heaviside function H≤ of a level set function ¡, where the zero
level set {¡ = 0} represents the boundary of ß, and its interior is simply given by the upper level
set {¡ > 0}.

The associated gradient descent flow to minimize the above CV model (5) is given by:

¡t = H
0
≤(¡)

Ω
r · r¡

|r¡| + ∏
£
(c2 ° f)2 ° (c1 ° f)2

§æ
(6)

whose steady state solution coincides with the one associated to the morphological flow discussed
in [44]:

¡t = |r¡|
Ω
r · r¡

|r¡| + ∏
£
(c2 ° f)2 ° (c1 ° f)2

§æ
. (7)

Thus, we can read oÆ the correct normal speed of the curve in gradient descent from the above
equation (7) as the following:

v = k + ∏
£
(c2 ° f)2 ° (c1 ° f)2

§
(8)

where k denotes the curvature of the evolving curve.

3.2 The Perimeter and Fidelity Terms of the Polygonal Mumford

Shah Model

The minimization of the proposed model (4) is to be carried out over the set ß and the two constants
c1 and c2. In the polygonal curve based implementation, we restrict ourselves to the case where
the set ß is the interior of a polygon of N sides, whose vertices are given in counter-clockwise order
as (x1, y1), . . . , (xN , yN ). The perimeter term from the proposed model (4) is easy to represent in
terms of the vertices:

Per(ß) =
NX

j=1

q
(D+xj)

2 + (D+yj)
2 (9)

with the proviso that (xN+1, yN+1) = (xN , yN ). Here, D
+ denotes the forward discrete diÆerence

operator:
D

+
ªj = ªj+1 ° ªj . (10)
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For the evolving polygon ß, we have (xj , yj) = (xj(t), yj(t)). Now, diÆerentiating the perimeter
term in ‘t’, we obtain:

d

dt
Per(ß) =

NX

j=1

D
+

xjD
+

ẋj + D
+

yjD
+

ẏjp
(D+xj)2 + (D+yj)2

= °
NX

j=1

D
°

√
D

+
xjp

(D+xj)2 + (D+yj)2

!
ẋj + D

°

√
D

+
yjp

(D+xj)2 + (D+yj)2

!
ẏj

= °
NX

j=1

~v
1
j · (ẋj , ẏj)

p
(D+xj)2 + (D+yj)2 (11)

where we identify the vector ~v
1
j as:

~v
1
j =

1p
(D+xj)2 + (D+yj)2

√
D
°

√
D

+
xjp

(D+xj)2 + (D+yj)2

!
, D

°

√
D

+
yjp

(D+xj)2 + (D+yj)2

!!
.

(12)
Now, the contribution of the fidelity term in the proposed model (4) to the normal speed of the

polygonal curve will be:
~v

2
j = ∏

£
(c2 ° f)2 ° (c1 ° f)2

§
~nj , (13)

where ~nj is the unit normal vector at the j-th vertex:

~nj =
1p

(D+xj)2 + (D+yj)2

°
°D

+
yj , D

+
xj

¢
. (14)

Finally, putting the contribution of the perimeter (12) and fidelity (13) terms together, and
multiplying by a factor of

p
(D+xj)2 + (D+yj)2 (which improves stability and still leads to a

descent direction), we get the the following ODE system describing the time evolution of vertices
(xj(t), yj(t)) of the polygon:

d

dt
(xj(t), yj(t)) =

√
D
°

√
D

+
xjp

(D+xj)2 + (D+yj)2

!
, D

°

√
D

+
yjp

(D+xj)2 + (D+yj)2

!!

+ ∏
£
(c2 ° f)2 ° (c1 ° f)2

§
(°D

+
yj , D

+
xj) (15)

= ~v
per
j + ~v

fid
j .

Here, ~v
per
j and ~v

fid
j denote the velocities corresponding to the perimeter and fidelity terms for the

polygonal piecewise constant implementation of the Mumford-Shah model respectively.

3.3 Update of the constants c1 and c2

In the original piecewise constant Mumford-Shah model, the constants c1 and c2 (which may be
vectorial) are unknown and need to be solved for. In many applications, this might not be the case:
The signature of objects of interest may be known in advance; in that case, the segmentation is a
bit more elementary, since optimization over these parameters is no longer necessary. Nevertheless,
it may very well be useful in other contexts to have the capability to solve for these constants if it
becomes necessary. In that case, the optimal choice of the constants (i.e. their optimality condition)
is well known:

c1 =

R
ß

fdxdy

|ß| and c2 =

R
ßc fdxdy

|ßc| (16)

where the notation |S| denotes the area of the set S. Implementing these formulas in our setting,
where the boundary of the unknown set ß is represented explicitly as a polygonal curve, requires
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3.2 The Perimeter and Fidelity Terms of the Polygonal Mumford Shah

Model

The minimization of the proposed model (4) is to be carried out over the set ⌃ and the two constants
c1 and c2. In the polygonal curve based implementation, we restrict ourselves to the case where the
set ⌃ is the interior of a polygon of N sides, whose vertices are given in counter-clockwise order as
(x1, y1), . . . , (xN , yN ). The perimeter term from the proposed model (4) is easy to represent in terms
of the vertices:

Per(⌃) =
NX

j=1

q
(D+xj)

2 + (D+yj)
2 (9)

with the proviso that (xN+1, yN+1) = (xN , yN ). Here, D
+ denotes the forward discrete di↵erence

operator:
D

+
⇠j = ⇠j+1 � ⇠j . (10)

For the evolving polygon ⌃, we have (xj , yj) = (xj(t), yj(t)). Now, di↵erentiating the perimeter term
in ‘t’, we obtain:
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Now, the contribution of the fidelity term in the proposed model (4) to the normal speed of the
polygonal curve will be:
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where ~nj is the unit normal vector at the j-th vertex:
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Finally, putting the contribution of the perimeter (3.2) and fidelity (12) terms together, and mul-
tiplying by a factor of
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(D+xj)2 + (D+yj)2 (which improves stability and still leads to a descent

direction), we get the the following ODE system describing the time evolution of vertices (xj(t), yj(t))
of the polygon:
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Here, ~vperj and ~v
fid
j denote the velocities corresponding to the perimeter and fidelity terms for the

polygonal piecewise constant implementation of the Mumford-Shah model respectively.

3.3 Update of the constants c1 and c2

In the original piecewise constant Mumford-Shah model, the constants c1 and c2 (which may be vec-
torial) are unknown and need to be solved for. In many applications, this might not be the case: The
signature of objects of interest may be known in advance; in that case, the segmentation is a bit more
elementary, since optimization over these parameters is no longer necessary. Nevertheless, it may very
well be useful in other contexts to have the capability to solve for these constants if it becomes necessary.
In that case, the optimal choice of the constants (i.e. their optimality condition) is well known:

c1 =

R
⌃ fdxdy

|⌃| and c2 =

R
⌃c fdxdy

|⌃c| (15)

where the notation |S| denotes the area of the set S. Implementing these formulas in our setting, where
the boundary of the unknown set ⌃ is represented explicitly as a polygonal curve, requires some thought.
Indeed, in order to evaluate the integrations over ⌃ involved in these formulas with subgrid accuracy,
we need a little insight. The idea is to express the area integrals as path integrals, which is a standard
exercise of Stokes’ theorem in elementary vector calculus, like so:

Z

⌃
f dxdy =

Z

@⌃
F nxd� where

@F

@x
= f. (16)

Here, nx denotes the x-component of the outer unit normal to the boundary @⌃ of the region ⌃. The
point is that there is, of course, a very natural way to approximate path integrals on polygonal curves
numerically. Our algorithm for computing the integral

R
⌃ f dxdy is thus the following:

• Integrate f in the x-direction using the trapezoidal rule to define its primitive F on the grid so
that @f

@x = F .

• Approximate the area integral as follows:

Z

⌃
f dxdy =

Z

@⌃
F nxd� ⇡

NX

j=1

1

2
[F (xj , yj) + F (xj+1, yj+1)]

D
+
yjp

(D+xj)2 + (D+yj)2
. (17)

Note that the scheme involves interpolating F since (xj , yj) will of course not lie on grid points in
general. With proper interpolation of F , the method is in fact second order accurate. Note also that
the primitive (i.e. F ) calculation needs to be done only once and is not repeated during the iterations
of the gradient descent. Finally, note that |⌃| can also be found with subgrid accuracy simply by using
the above formula with f ⌘ 1.
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Variations of  Data Fidelity Term 
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polygonal curve will be:
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where ~nj is the unit normal vector at the j-th vertex:
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Finally, putting the contribution of the perimeter (12) and fidelity (13) terms together, and
multiplying by a factor of

p
(D+xj)2 + (D+yj)2 (which improves stability and still leads to a

descent direction), we get the the following ODE system describing the time evolution of vertices
(xj(t), yj(t)) of the polygon:
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= ~v
per
j + ~v
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Here, ~v
per
j and ~v

fid
j denote the velocities corresponding to the perimeter and fidelity terms for the

polygonal piecewise constant implementation of the Mumford-Shah model respectively.

3.3 Update of the constants c1 and c2

In the original piecewise constant Mumford-Shah model, the constants c1 and c2 (which may be
vectorial) are unknown and need to be solved for. In many applications, this might not be the case:
The signature of objects of interest may be known in advance; in that case, the segmentation is a
bit more elementary, since optimization over these parameters is no longer necessary. Nevertheless,
it may very well be useful in other contexts to have the capability to solve for these constants if it
becomes necessary. In that case, the optimal choice of the constants (i.e. their optimality condition)
is well known:

c1 =

R
ß

fdxdy

|ß| and c2 =

R
ßc fdxdy

|ßc| (16)

where the notation |S| denotes the area of the set S. Implementing these formulas in our setting,
where the boundary of the unknown set ß is represented explicitly as a polygonal curve, requires
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Here, ~vperj and ~v
fid
j denote the velocities corresponding to the perimeter and fidelity terms for the

polygonal piecewise constant implementation of the Mumford-Shah model respectively.

3.3 Update of the constants c1 and c2

In the original piecewise constant Mumford-Shah model, the constants c1 and c2 (which may be vec-
torial) are unknown and need to be solved for. In many applications, this might not be the case: The
signature of objects of interest may be known in advance; in that case, the segmentation is a bit more
elementary, since optimization over these parameters is no longer necessary. Nevertheless, it may very
well be useful in other contexts to have the capability to solve for these constants if it becomes necessary.
In that case, the optimal choice of the constants (i.e. their optimality condition) is well known:

c1 =
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⌃ fdxdy

|⌃| and c2 =

R
⌃c fdxdy

|⌃c| (15)

where the notation |S| denotes the area of the set S. Implementing these formulas in our setting, where
the boundary of the unknown set ⌃ is represented explicitly as a polygonal curve, requires some thought.
Indeed, in order to evaluate the integrations over ⌃ involved in these formulas with subgrid accuracy,
we need a little insight. The idea is to express the area integrals as path integrals, which is a standard
exercise of Stokes’ theorem in elementary vector calculus, like so:
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@⌃
F nxd� where

@F

@x
= f. (16)

Here, nx denotes the x-component of the outer unit normal to the boundary @⌃ of the region ⌃. The
point is that there is, of course, a very natural way to approximate path integrals on polygonal curves
numerically. Our algorithm for computing the integral

R
⌃ f dxdy is thus the following:

• Integrate f in the x-direction using the trapezoidal rule to define its primitive F on the grid so
that @f

@x = F .

• Approximate the area integral as follows:

Z

⌃
f dxdy =

Z

@⌃
F nxd� ⇡

NX

j=1

1

2
[F (xj , yj) + F (xj+1, yj+1)]

D
+
yjp

(D+xj)2 + (D+yj)2
. (17)

Note that the scheme involves interpolating F since (xj , yj) will of course not lie on grid points in
general. With proper interpolation of F , the method is in fact second order accurate. Note also that
the primitive (i.e. F ) calculation needs to be done only once and is not repeated during the iterations
of the gradient descent. Finally, note that |⌃| can also be found with subgrid accuracy simply by using
the above formula with f ⌘ 1.
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In gradient descent, the fidelity term contributes the velocity: 
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Here, ~vperj and ~v
fid
j denote the velocities corresponding to the perimeter and fidelity terms for the

polygonal piecewise constant implementation of the Mumford-Shah model respectively.

3.3 Update of the constants c1 and c2

In the original piecewise constant Mumford-Shah model, the constants c1 and c2 (which may be vec-
torial) are unknown and need to be solved for. In many applications, this might not be the case: The
signature of objects of interest may be known in advance; in that case, the segmentation is a bit more
elementary, since optimization over these parameters is no longer necessary. Nevertheless, it may very
well be useful in other contexts to have the capability to solve for these constants if it becomes necessary.
In that case, the optimal choice of the constants (i.e. their optimality condition) is well known:

c1 =
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⌃ fdxdy

|⌃| and c2 =

R
⌃c fdxdy

|⌃c| (16)

where the notation |S| denotes the area of the set S. Implementing these formulas in our setting, where
the boundary of the unknown set ⌃ is represented explicitly as a polygonal curve, requires some thought.
Indeed, in order to evaluate the integrations over ⌃ involved in these formulas with subgrid accuracy,
we need a little insight. The idea is to express the area integrals as path integrals, which is a standard
exercise of Stokes’ theorem in elementary vector calculus, like so:
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Here, nx denotes the x-component of the outer unit normal to the boundary @⌃ of the region ⌃. The
point is that there is, of course, a very natural way to approximate path integrals on polygonal curves
numerically. Our algorithm for computing the integral

R
⌃ f dxdy is thus the following:

• Integrate f in the x-direction using the trapezoidal rule to define its primitive F on the grid so
that @f

@x = F .

• Approximate the area integral as follows:
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ODE system describing time evolution of  vertices: 



Variations of  shape prior and scale parameter 
Variations wrt Shape Prior Term: 

In gradient descent, shape term contributes the velocity: 

Optimization wrt scale parameter ‘s’ yields simple cond’n: 

Note that the scheme involves interpolating F since (xj , yj) will of course not lie on grid points in
general. With proper interpolation of F , the method is in fact second order accurate. Note also that
the primitive (i.e. F ) calculation needs to be done only once and is not repeated during the iterations
of the gradient descent. Finally, note that |⌃| can also be found with subgrid accuracy simply by using
the above formula with f ⌘ 1.

• Integrate f in x-direction using Trap. rule to get primitive F so @f
@x = F

• Approximate area integral as follows:
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Note that the scheme involves interpolating F since (xj , yj) will of course not lie on grid points in
general. With proper interpolation of F , the method is in fact second order accurate. Note also that
the primitive (i.e. F ) calculation needs to be done only once and is not repeated during the iterations
of the gradient descent. Finally, note that |⌃| can also be found with subgrid accuracy simply by using
the above formula with f ⌘ 1.

3.4 Variation of the Shape Prior and Scale Parameter Optimization

Variation of the shape prior (3) with respect to the vertex locations ~pj of the evolving polygon is given
by:
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Hence, in gradient descent, the shape prior term contributes the velocity
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Now, optimization with respect to the scale parameter s yields the following simple condition:
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3.5 Final Proposed Algorithm

Finally, putting everything together, the final complete gradient descent curve evolution equation for
the proposed model is the ODE system:
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per
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where ~nk is the unit normal vector at the k-th vertex as defined in (13) and the velocities as obtained
by calculating the variations in the perimeter, fidelity, and shape terms in the proposed model as seen
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Note that the scheme involves interpolating F since (xj , yj) will of course not lie on grid points in
general. With proper interpolation of F , the method is in fact second order accurate. Note also that
the primitive (i.e. F ) calculation needs to be done only once and is not repeated during the iterations
of the gradient descent. Finally, note that |⌃| can also be found with subgrid accuracy simply by using
the above formula with f ⌘ 1.
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Note that the scheme involves interpolating F since (xj , yj) will of course not lie on grid points in
general. With proper interpolation of F , the method is in fact second order accurate. Note also that
the primitive (i.e. F ) calculation needs to be done only once and is not repeated during the iterations
of the gradient descent. Finally, note that |⌃| can also be found with subgrid accuracy simply by using
the above formula with f ⌘ 1.
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Now, optimization with respect to the scale parameter s yields the following simple condition:
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Note that the scheme involves interpolating F since (xj , yj) will of course not lie on grid points in
general. With proper interpolation of F , the method is in fact second order accurate. Note also that
the primitive (i.e. F ) calculation needs to be done only once and is not repeated during the iterations
of the gradient descent. Finally, note that |⌃| can also be found with subgrid accuracy simply by using
the above formula with f ⌘ 1.
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Note that the scheme involves interpolating F since (xj , yj) will of course not lie on grid points in
general. With proper interpolation of F , the method is in fact second order accurate. Note also that
the primitive (i.e. F ) calculation needs to be done only once and is not repeated during the iterations
of the gradient descent. Finally, note that |⌃| can also be found with subgrid accuracy simply by using
the above formula with f ⌘ 1.
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Variation of the shape prior (3) with respect to the vertex locations ~pj of the evolving polygon is given
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Update of  constants c1 and c2 

For the evolving polygon ß, we have (xj , yj) = (xj(t), yj(t)). Now, diÆerentiating the perimeter
term in ‘t’, we obtain:
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Now, the contribution of the fidelity term in the proposed model (4) to the normal speed of the

polygonal curve will be:
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where ~nj is the unit normal vector at the j-th vertex:
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Finally, putting the contribution of the perimeter (12) and fidelity (13) terms together, and
multiplying by a factor of

p
(D+xj)2 + (D+yj)2 (which improves stability and still leads to a

descent direction), we get the the following ODE system describing the time evolution of vertices
(xj(t), yj(t)) of the polygon:
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Here, ~v
per
j and ~v

fid
j denote the velocities corresponding to the perimeter and fidelity terms for the

polygonal piecewise constant implementation of the Mumford-Shah model respectively.

3.3 Update of the constants c1 and c2

In the original piecewise constant Mumford-Shah model, the constants c1 and c2 (which may be
vectorial) are unknown and need to be solved for. In many applications, this might not be the case:
The signature of objects of interest may be known in advance; in that case, the segmentation is a
bit more elementary, since optimization over these parameters is no longer necessary. Nevertheless,
it may very well be useful in other contexts to have the capability to solve for these constants if it
becomes necessary. In that case, the optimal choice of the constants (i.e. their optimality condition)
is well known:

c1 =

R
ß

fdxdy

|ß| and c2 =

R
ßc fdxdy

|ßc| (16)

where the notation |S| denotes the area of the set S. Implementing these formulas in our setting,
where the boundary of the unknown set ß is represented explicitly as a polygonal curve, requires
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some thought. Indeed, in order to evaluate the integrations over ß involved in these formulas with
subgrid accuracy, we need a little insight. The idea is to express the area integrals as path integrals,
which is a standard exercise of Stokes’ theorem in elementary vector calculus, like so:

Z
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F nxdæ where
@F

@x
= f. (17)

Here, nx denotes the x-component of the outer unit normal to the boundary @ß of the region ß.
The point is that there is, of course, a very natural way to approximate path integrals on polygonal
curves numerically. Our algorithm for computing the integral

R
ß

f dxdy is thus the following:

• Integrate f in the x-direction using the trapezoidal rule to define its primitive F on the grid
so that @f

@x = F .

• Approximate the area integral as follows:
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Note that the scheme involves interpolating F since (xj , yj) will of course not lie on grid points in
general. With proper interpolation of F , the method is in fact second order accurate. Note also
that the primitive (i.e. F ) calculation needs to be done only once and is not repeated during the
iterations of the gradient descent. Finally, note that |ß| can also be found with subgrid accuracy
simply by using the above formula with f ¥ 1.

3.4 Variation of the Shape Prior and Scale Parameter Optimization

Variation of the shape prior (3) with respect to the vertex locations ~pj of the evolving polygon is
given by:
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Hence, in gradient descent, the shape prior term contributes the velocity
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Now, optimization with respect to the scale parameter s yields the following simple condition:
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3.5 Final Proposed Algorithm

Finally, putting everything together, the final complete gradient descent curve evolution equation
for the proposed model is the ODE system:
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where ~nk is the unit normal vector at the k-th vertex as defined in (14) and the velocities as obtained
by calculating the variations in the perimeter, fidelity, and shape terms in the proposed model as
seen above in (15) and (19) respectively. An explicit time marching scheme can be used for the
gradient descent curve evolution equation above (21):
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Vector Form of  Green’s Theorem: 

Variations wrt c1 and c2 in CV NRG yield: 

Procedure to get integral quant’s: 

|§| can also be found simply by using formula with f  ´ 1 
 

Note that the scheme involves interpolating F since (xj , yj) will of course not lie on grid points in
general. With proper interpolation of F , the method is in fact second order accurate. Note also that
the primitive (i.e. F ) calculation needs to be done only once and is not repeated during the iterations
of the gradient descent. Finally, note that |⌃| can also be found with subgrid accuracy simply by using
the above formula with f ⌘ 1.
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Note that the scheme involves interpolating F since (xj , yj) will of course not lie on grid points in
general. With proper interpolation of F , the method is in fact second order accurate. Note also that
the primitive (i.e. F ) calculation needs to be done only once and is not repeated during the iterations
of the gradient descent. Finally, note that |⌃| can also be found with subgrid accuracy simply by using
the above formula with f ⌘ 1.

3.4 Variation of the Shape Prior and Scale Parameter Optimization

Variation of the shape prior (3) with respect to the vertex locations ~pj of the evolving polygon is given
by:
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Hence, in gradient descent, the shape prior term contributes the velocity
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Now, optimization with respect to the scale parameter s yields the following simple condition:
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3.5 Final Proposed Algorithm

Finally, putting everything together, the final complete gradient descent curve evolution equation for
the proposed model is the ODE system:
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where ~nk is the unit normal vector at the k-th vertex as defined in (13) and the velocities as obtained
by calculating the variations in the perimeter, fidelity, and shape terms in the proposed model as seen
above in (14) and (19) respectively. An explicit time marching scheme can be used for the gradient
descent curve evolution equation above (21):
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Point is: Can obtain area integrals via boundary integrals of  polygonal curve accurately! 
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3.5 Final Proposed Algorithm

Finally, putting everything together, the final complete gradient descent curve evolution equation for
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~̇pk =
h⇣

~v
per
k + ~v

fid
k + ~v

shape
k

⌘
· ~nk

i
~nk (22)

where ~nk is the unit normal vector at the k-th vertex as defined in (13) and the velocities as obtained
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Algorithm:

Step 1. Calculate the shape signature for the given reference shape via the symmetric
matrix (3).

Step 2. Initialize the polygonal curve {~pk}Nk=1.
Step 3. Update the constants c1 and c2 via the formulas found in (16) where the area

integrals are approximated by the scheme (19).
Step 4. Calculate the scale match via equation (21).
Step 5. Finally, evolve the polygonal curve via the iteration scheme in (23).

Repeat Steps 3 through 5 as needed until the curve reaches a fixed contour.

We remark that the starting point of the parametrization of the shape prior can have an e↵ect on the
minimization of the shape signature term (3). In particular, suppose a given shape has two di↵erent

parametrizations: ⌃1 = {~pj}Nj=1 and ⌃2 = {~qj}Nj=1, both di↵ering only in a shift of the starting point of
one of the parametrizations. Let � be a forward shift operator on the indices j by some set amount K.
Thus, ⌃1 and ⌃2 represent the same shape, but ⌃2 is obtained by ⌃1 via the operation ~pj = ~q�(j) = ~qj+K

under periodic boundary conditions on the indices. Then, the cliques energy (3) comparing these two
shapes will not be minimized due to the parametrization mismatch, even though the shapes are exactly
the same.

One simple way to bypass this particular caveat when minimizing the proposed energy is to initially
start with a fixed small shape parameter and then repeatedly minimizing the proposed energy over
the set of forward shifts of the shape prior parametrization. Here, we shift the starting point of the
indices by some fixed amount, either 2 ,3, or 4 etc. depending on how many points on the evolving
polygon are used. This allows a set of solution curves �k that can then be placed into the proposed
energy (4). Then, the parametrization shift corresponding to the minimum of the set {EMSWS(�k)}Mk=1
is then applied to the shape prior S, and this new prior S is then used as the e↵ective prior for the
segmentation.

We also mention that two di↵erent initial conditions can be used for minimizing the proposed model,
namely:
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under periodic boundary conditions on the indices. Then, the cliques energy (3) comparing these two
shapes will not be minimized due to the parametrization mismatch, even though the shapes are exactly
the same.

One simple way to bypass this particular caveat when minimizing the proposed energy is to initially
start with a fixed small shape parameter and then repeatedly minimizing the proposed energy over
the set of forward shifts of the shape prior parametrization. Here, we shift the starting point of the
indices by some fixed amount, either 2 ,3, or 4 etc. depending on how many points on the evolving
polygon are used. This allows a set of solution curves �k that can then be placed into the proposed
energy (4). Then, the parametrization shift corresponding to the minimum of the set {EMSWS(�k)}Mk=1
is then applied to the shape prior S, and this new prior S is then used as the e↵ective prior for the
segmentation.

We also mention that two di↵erent initial conditions can be used for minimizing the proposed model,
namely:
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Algorithm: 
1.  Calculate Shape Signature for Ref. shape 
2.  Initialize Polygonal Curve 
3.  Update constants c1 and c2 via explicit formulas 
4.  Calculate Scale Match by explicit formula 
5.  Evolve curve by above time marching scheme 

Repeat: Steps 3 to 5 until reach fixed contour (steady state) 



Shape Prior Segmentation Example 

4.3 Di±cult Segmentation: Explicit Example

In this culminating example, we segment what is considered to be a di±cult case. In Fig. 14 (a), a
reference image and shape prior (in blue) is observed while in (b), a clean image (to be segmented)
is seen. The image in (b) is of particular interest since the color of the fuselage matching that of
the surrounding tarmac makes this case very di±cult due to the ambiguities of the region to be
segmented. Further compounding this particular case is the observation that the flight equipment
around the plane (clutter) also has similar contrast to the planes wings. In addition, the white
fuselage and wings of the adjacent plane also has the same contrast as the wings of the plane to be
segmented.

In Fig. 15 (a), the initial contour for our segmentation procedure is observed. The proposed
model is then minimized by gradually increasing the shape strength constant (in increments of 0.2)
through values from 0.1 to 1.0. The results from the proposed model with shape strength equaling
0.1, 0.5, and finally 1.0 are observed in Fig. 15 (b)–(d). Right from the start, even though the shape
strength term has value only 0.1, the plane has already become segmented. The final segmentation
result is observed in 15 (d) where the shape term has value 1.0 and the correct plane is accurately
segmented despite the clutter around the plane and the fuselage having nearly the same contrast as
the surrounding tarmac. The result from the standard (no shape) Mumford-Shah model is observed
in Fig. 15 (e), where the plane is nowhere near correctly segmented. Lastly, we remark that the
scale parameter ‘s’ in this experiment was manually chosen over a range of scales.
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R: Occluded Region 
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Occluded Region: R 

Don’t fit data in R 



Disocclusion Example 
100 200 300 400 500

50

100

150

200

250

300

350

400

450

500
100 200 300 400 500

50

100

150

200

250

300

350

400

450

500

(a) Clean Image (b) Occluded Image

20 40 60 80 100 120 140

20

40

60

80

100

120

140

20 40 60 80 100 120 140

20

40

60

80

100

120

140

(c) Reference Image (d) Reference Image and Learned Shape

Figure 12: Dissocclusion of a Maple Leaf

22

144x144 

100 200 300 400 500

50

100

150

200

250

300

350

400

450

500
100 200 300 400 500

50

100

150

200

250

300

350

400

450

500

(a) Clean Image (b) Occluded Image

20 40 60 80 100 120 140

20

40

60

80

100

120

140

20 40 60 80 100 120 140

20

40

60

80

100

120

140

(c) Reference Image (d) Reference Image and Learned Shape

Figure 12: Dissocclusion of a Maple Leaf

22

500x500 

Learned reference shape Occluded Image 

100 200 300 400 500

50

100

150

200

250

300

350

400

450

500

(a) Clean Image and Learned Shape (b) Initial Contour

(Note Scale DiÆerential)

(c) Disocclusion (d) Disocclusion with Mask Removed

Figure 13: Disocclusion of a Maple Leaf Manual range of scales search. Fidelity Param. set to 16 and

Shape increased from 0.1, 02, . . . , 0.9, 1.0.

23

100 200 300 400 500

50

100

150

200

250

300

350

400

450

500

(a) Clean Image and Learned Shape (b) Initial Contour

(Note Scale DiÆerential)

(c) Disocclusion (d) Disocclusion with Mask Removed

Figure 13: Disocclusion of a Maple Leaf Manual range of scales search. Fidelity Param. set to 16 and

Shape increased from 0.1, 02, . . . , 0.9, 1.0.

23

100 200 300 400 500

50

100

150

200

250

300

350

400

450

500

(a) Clean Image and Learned Shape (b) Initial Contour

(Note Scale DiÆerential)

(c) Disocclusion (d) Disocclusion with Mask Removed

Figure 13: Disocclusion of a Maple Leaf Manual range of scales search. Fidelity Param. set to 16 and

Shape increased from 0.1, 02, . . . , 0.9, 1.0.

23

100 200 300 400 500

50

100

150

200

250

300

350

400

450

500

(a) Clean Image and Learned Shape (b) Initial Contour

(Note Scale DiÆerential)

(c) Disocclusion (d) Disocclusion with Mask Removed

Figure 13: Disocclusion of a Maple Leaf Manual range of scales search. Fidelity Param. set to 16 and

Shape increased from 0.1, 02, . . . , 0.9, 1.0.

23

Scale difference 

Initial contour Final evolved 
 contour 

Disoccluded contour 
 w/ true image 



(a) Initial Contour

(b) Proposed w/ Shape Param. set to 0.1 (c) Proposed w/ Shape Param. set to 0.5

(d) Proposed w/ Shape Param. set to 1.0 (e) Result with no Shape

(Standard Mumford Shah)

Figure 15: Segmentation results with Learned Reference Shape
25

(a) Initial Contour

(b) Proposed w/ Shape Param. set to 0.1 (c) Proposed w/ Shape Param. set to 0.5

(d) Proposed w/ Shape Param. set to 1.0 (e) Result with no Shape

(Standard Mumford Shah)

Figure 15: Segmentation results with Learned Reference Shape
25

(a) Initial Contour

(b) Proposed w/ Shape Param. set to 0.1 (c) Proposed w/ Shape Param. set to 0.5

(d) Proposed w/ Shape Param. set to 1.0 (e) Result with no Shape

(Standard Mumford Shah)

Figure 15: Segmentation results with Learned Reference Shape
25

4.3 Di±cult Segmentation: Explicit Example

In this culminating example, we segment what is considered to be a di±cult case. In Fig. 14 (a), a
reference image and shape prior (in blue) is observed while in (b), a clean image (to be segmented)
is seen. The image in (b) is of particular interest since the color of the fuselage matching that of
the surrounding tarmac makes this case very di±cult due to the ambiguities of the region to be
segmented. Further compounding this particular case is the observation that the flight equipment
around the plane (clutter) also has similar contrast to the planes wings. In addition, the white
fuselage and wings of the adjacent plane also has the same contrast as the wings of the plane to be
segmented.

In Fig. 15 (a), the initial contour for our segmentation procedure is observed. The proposed
model is then minimized by gradually increasing the shape strength constant (in increments of 0.2)
through values from 0.1 to 1.0. The results from the proposed model with shape strength equaling
0.1, 0.5, and finally 1.0 are observed in Fig. 15 (b)–(d). Right from the start, even though the shape
strength term has value only 0.1, the plane has already become segmented. The final segmentation
result is observed in 15 (d) where the shape term has value 1.0 and the correct plane is accurately
segmented despite the clutter around the plane and the fuselage having nearly the same contrast as
the surrounding tarmac. The result from the standard (no shape) Mumford-Shah model is observed
in Fig. 15 (e), where the plane is nowhere near correctly segmented. Lastly, we remark that the
scale parameter ‘s’ in this experiment was manually chosen over a range of scales.
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prior 

Initial curve With Prior No Prior! 

•  Fuselage matches tarmac.  
•  2 completely different intensities in plane 

Shape Prior Segmentation: Very Difficult Case 

Very difficult segmentation!  
 



Ongoing and Future Work 
v  Convergence proof  of  the DCA algorithm for proposed model 

v  Other ways of  achieving/exploiting directional sparsity 

v  Shape Prior Segmentation: Modeling both occluders and shapes 

v  Neural Network à semantic segmentation. Interplay between a 
trained model and a mathematical one. Not a 2 step approach 
but a synergistic one. 

v  Using CNN’s for applications to spatially varying blind 
deconvolution. 

v  Primal Dual methods for Neural Network Optimization 

v  Convex relaxation techniques for NN’s. Some work done on 
quantizing weights. Xi et al. ‘18 
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  Basic idea in classical active contours 

Curve evolution and deformation (internal forces):  

                     Min  Length(C)+Area(inside(C))  
         Boundary detection: stopping edge-function (external 
forces) 

Example: 
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Geodesic model (Caselles, Kimmel, Sapiro ‘95) 





     Limitations 

  - detects only objects with sharp edges defined by 
gradients 

  - the curve can pass through the edge 

  - smoothing may miss edges in presence of  noise 

  - not all can handle automatic change of  topology 

                                  Examples 



Mumford-Shah Image Segmentation (‘89) 

v  Early variational model for image segmentation 

v  u fits given image f  by p.wise smooth regions w/ sharp edge boundaries K 

v  Non-Convex Model! 

v  Still many approaches to minimize the energy by approximation cf. level set 
methods, global convexification methods, etc. 

v  Full Model is “Overkill” for most applications 

 
•  K: finite union of  curves (set of  edges) 
•  u: -piecewise smooth approx. to f  

    -smooth in each connected compt. of  Ω\K 
    -jumps allowed across curves in K 



Mumford-Shah Segmentation 
Examples 
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Cartoon image exampleCartoon image example
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shows the optimal two-phase piecewise smooth approximation
of the original image given by the MS model. Notice that
the two functions s1, s2 are initially chosen to f and updated
every 10 iterations according to Equation (27). Finally, Figure
12 present the segmentation and the denoising of a smooth
foreground object.

(a) Original Image. (b) Final Active Contour.

(c) Final u. (d) Smooth approximation
of (a).

Fig. 11. Segmentation using the GAC model and the two-phase piecewise
smooth approximation of the MS model defined by Vese-Chan in [33]. Figure
(b) presents the final active contour and Figure (d) the optimal two-phase
piecewise smooth approximation of the given image.

(a) Original Image. (b) Final Active Contour.

(c) Initial u. (d) Denoised Image.

Fig. 12. Segmentation using the GAC model and the two-phase piecewise
smooth approximation of the MS model defined by Vese-Chan in [33]. Our
segmentation model also performs at the same time the image denoising
because Figure (d) presents the regularized version of Figure (a).

V. COMPARISON WITH RELATED WORKS

In this section, we consider three works related with our
approach.

The first related approach is naturally the work of Chan,
Esedo glu and Nikolova [13] because the global minimization
of the snake/GAC model proposed in this paper is inspired by
their work. However, our approach is more general because
we propose a unified framework to use the GAC model
and the ACWE model. Experimental results in Section III-C
demonstrate the advantage of using the GAC model with the
ACWE model when the contrast changes between meaningful
objects and the background are very low. Finally, we propose
a fast numerical scheme to perform the global minimization
of our variational model, which is not the case in [13].

The second related work is the paper [35] of Cohen and
Kimmel which also addresses the problem of determining
a global minimum for the GAC energy. Their approach is
different from ours since it is focused on finding a minimal
path between two given end points of an open curve. As
noticed in [36], object segmentation is not easy to carry out in
their approach because the method needs a number of points
on the boundary of the object to be extracted. Furthermore
the model is naturally designed to capture open curves, such
as minimal paths on road images, but not directly closed
curves because it requires a complementary method based on
a topology-based saddle search routine.

Finally, in [36], Appleton and Talbot propose to determine
a global minimum for the GAC model for closed curves under
the restriction that the curve contains a specified internal point.
Authors present very good object segmentation results in vari-
ous medical images. However, the need of a specified internal
point can limit the segmentation process because it means that
object with multiple closed curves can not be extracted without
a set of seed points. For example, the two objects presented
in Figure 1 can not be directly segmented with only one
internal point. Their model needs to detect two internal points,
which is not our case. Finally, the extension of their model to
higher-dimensional images is not straightforward whereas the
extension is natural in our approach.

VI. CONCLUSION

As we said at the beginning, the active contour/snake model
is a well-known image segmentation model which is more
and more used in various image processing applications such
as in automated surveillance, graphics animation, robotics or
medical imaging. Its success is based on strong theoretical
properties and efficient numerical schemes. The only drawback
of this segmentation model is the existence of local minima in
its functional energy, which makes critical the initial contour
to extract meaningful objects lying in images. Hence we
proposed in this paper a new approach to determine a global
minimum of the snake energy in order to become independent
of the initial position of the contour. We think that this
new approach can have numerous applications in the image
processing tasks previously mentioned.

The core of our models was to express the energy function-
als in terms of level sets as observed by Strang in [37], [38]
and solve geometric problems as proposed by Chan-Esedo glu-
Nikolova [13]. Thus we defined three new variational models
based on the unification of the classical snake/GAC model
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Fig. 12. Segmentation using the GAC model and the two-phase piecewise
smooth approximation of the MS model defi ned by Vese-Chan in [33]. Our
segmentation model also performs at the same time the image denoising
because Figure (d) presents the regularized version of Figure (a).

The first related approach is naturally the work of Chan,

Esedoḡlu and Nikolova [13] because the global minimization

of the snake/GAC model proposed in this paper is inspired by

their work. However, our approach is more general because

we propose a unified framework to use the GAC model

and the ACWE model. Experimental results in Section III-C

demonstrate the advantage of using the GAC model with the

ACWE model when the contrast changes between meaningful

objects and the background are very low. Finally, we propose

a fast numerical scheme to perform the global minimization

of our variational model, which is not the case in [13].

The second related work is the paper [34] of Cohen and

Kimmel which also addresses the problem of determining

a global minimum for the GAC energy. Their approach is

different from ours since it is focused on finding a minimal

path between two given end points of an open curve. As

noticed in [35], object segmentation is not easy to carry out in

their approach because the method needs a number of points

on the boundary of the object to be extracted. Furthermore

the model is naturally designed to capture open curves, such

as minimal paths on road images, but not directly closed

curves because it requires a complementary method based on

a topology-based saddle search routine.

Finally, in [35], Appleton and Talbot propose to determine

a global minimum for the GAC model for closed curves under

the restriction that the curve contains a specified internal point.

Authors present very good object segmentation results in vari-

ous medical images. However, the need of a specified internal

point can limit the segmentation process because it means that

object with multiple closed curves can not be extracted without

a set of seed points. For example, the two objects presented

on Figure 1 can not be directly segmented with only one

internal point. Their model needs to detect two internal points,

which is not our case. Finally, the extension of their model to

higher-dimensional images is not straightforward whereas the

extension is natural in our approach.

VI. CONCLUSION

As we said at the beginning, the active contour/snake model

is a well-known image segmentation model which is more

and more used in various image processing applications such

as in automated surveillance, graphics animation, robotics or

medical imaging. Its success is based on strong theoretical

properties and efficient numerical schemes. The only drawback

of this segmentation model is the existence of local minima in

its functional energy, which makes critical the initial contour

to extract meaningful objects lying in images. Hence we

proposed in this paper a new approach to determine a global

minimum of the snake energy in order to become independent

of the initial position of the contour. We think that this

new approach can have numerous applications in the image

processing tasks previously mentioned.

The core of our models was to express the energy function-

als in terms of level sets as observed by Strang in [36], [37]

and solve geometric problems as proposed by Chan-Esedoḡlu-

Nikolova [13]. Thus we defined three new variational models

based on the unification of the classical snake/GAC model

[1], [5], [6], the denoising Rudin-Osher-Fatemi model [15],

the segmentation Mumford-Shah model [16] and the active

contours without edges model [14]. In the case of the ROF

model, we obtained a global minimization theorem for binary

images. It was interesting to notice that the computation of

the global minimum was done by decomposing an image

into a geometric part, i.e. smooth part, and a texture part
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 Initial Curve                 Evolutions                 Detected 
Objects   

− given  an  image  f :Ω→ℜ

− evolve  a  curve  C   to  detect  objects  in  f
− the curve  has to stop on the boundaries  of the objects 

Application: Active Contours 



         

  Basic idea in classical active contours 

Curve evolution and deformation (internal forces):  

                     Min  Length(C)+Area(inside(C))  
         Boundary detection: stopping edge-function (external forces) 

Example: 

0)(lim    ,   ,0 =↓≥
∞→
tggg

t

puG
ug

||1
1|)(|

0
0 ∗∇+

=∇
σ
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Geodesic model (Caselles, Kimmel, Sapiro ‘95) 




